29: Time Series — Classical Methods

When the order of the rows is the whole point



Every model so far assumed the rows were interchangeable

Regression, trees, logistic regression — all of them treat the dataset as a bag of i.i.d.
rows. Shuffle the rows, nothing changes.

Time series breaks that assumption. Row order js the signal. Yesterday's
value tells you a lot about today’s. You can only train on the past, and you must
predict the future — never the other way around.

Examples everywhere: daily sales, electricity demand, website traffic, the
dram-to-dollar exchange rate, sensor readings, COVID case counts, your heart rate.

Two lectures. Today (29): the classical statistical toolkit — decomposition, stationarity, ARIMA,
exponential smoothing. Next (30): treating forecasting as a supervised ML problem.
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Outline

What makes time series different
Stationarity and differencing
ARIMA family

Autocorrelation: ACF and PACF
Exponential smoothing

Baselines and evaluation

Recap

Vaxo jan jamy cheir asi?
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https://youtu.be/9OIvv9v7fh8?si=RlLnUb-UC5MS7209
https://youtu.be/9OIvv9v7fh8?si=RlLnUb-UC5MS7209

What makes time series different

One column, indexed by time — and the index carries information.



The vocabulary

A time series is a sequence y1,y», ..., yT sampled at regular steps (hourly, daily,
monthly, ...).
Two jobs:
» Forecasting — predict future values The one rule that governs everything:
YT 41y YT 4h- (h — forecast hon‘zon_) information flows forward in time only. Any value,
. . feature, or statistic you feed the model must have
» Understanding — decompose, explain, been knowable at prediction time. Violate this and
find structure. you get “leakage” — great backtests, useless in pro-
duction.

Two shapes of data, and two kinds of
input:
» Univariate — one series, explained by its
own past: the endogenous input.
» Multivariate — several series, or outside
drivers: exogenous input.

Exogenous = “generated outside”: temperature for electricity demand, price for sales, a holiday calendar
for traffic. Everything in lecture 29 is endogenous; exogenous drivers arrive in 31. The catch: to use
one you need its future value too, and a temperature forecast is itself a forecast. 5 / 41



The four components of a series

A Series iS usefully thOUght O]c as a A time series = trend + seasonality + noise
sum (or product) of:

» Trend T, — long-run drift up or 100 W

N
o
S

observed

down.
» Seasonality S; — a pattern that 3 j:g
repeats on a fixed period (24h, 7d, " ool
12mo). | | | | | ‘ ‘ ‘ |

» Cycle — swings with no fixed period
(business cycles, 2-10 years). Not
in the figure, and not modelled

seasonality

104
separately: there is no calendar to LI I\ /\/ M /\’\A NN
hang it on, so it gets absorbed into -101 M V W
Tt or Rt' Next Sllde 2616 20‘17 20‘18 20‘19 2620 20‘21 20‘22 20‘23 20‘24
> Noise / residual R; — what's left. The figure shows the three components this series actually has.

Additive: Yt = Tt =+ Sf + Rt.
Multiplicative: y; = T; - S; - R: (season grows
with level — take log to make it additive). 6 / 41



Season or cycle? Ask whether you can put it on a calendar

Cycle: swings with NO fixed period

151 E
10 g
5] j
o] j
iy j
_104 j
2 <« 54!
T
0

151 o | «36—>ie—56 <«—39—
T T T T T T T T T
0 50 100 150 200 250 50 100 150 200 250
month month

You can put a season on a calendar. You cannot put a cycle on one - which is why only the season gets modelled explicitly.

Left — seasonality. Fixed, known period. Next

December is 12 months after the last one, and you
knew that before seeing any data. Every seasonal tool here needs a number m — sea-

sonal differencing, SARIMA'’s m, Holt-Winters' sea-
sonal term. A cycle has no m to give them. The
trap: fitting m = 56 to the right-hand panel would
confidently schedule a peak that never arrives.

Right — a cycle. The gaps between peaks are
56, 36, 56,39 months. Obvious in hindsight, impossible
to schedule.
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Decomposition: STL

STL = “Seasonal—Trend STL decomposition (statsmodels)
decomposition using Loess”. It splits § 200
the series into trend + seasonal + £ 0]
residual, robustly.

. 2001
Loess = Jocally estimated scatterplot smoothing: g 1507
slide a window along the data, fit a tiny 100 1
regression inside each window, keep only its value = 1

g
at the centre, and join those into a curve. No § i
global formula, so it bends to whatever shape the 201
data has. o

3 o
Why bother: see the structure before modelling,

B 2616 20‘17 20‘18 20‘19 2620 20‘21 20‘22 20‘23 20‘24
deseasonalize to read the trend cleanly, and the

residual is where anomalies show up.

from statsmodels.tsa.seasonal import STL
res = STL(y, period=12).fit()
res.trend, res.seasonal, res.resid
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Stationarity and differencing

The classical models need a series whose behaviour does not drift.



What is stationarity?

A series is (weakly) stationary if its Stationary vs non-stationary
. . . Stationary Non-stationary: trend in mean
statistical behaviour does not depend . o
on when you look: .
0
» constant mean (no trend), . ,
» constant variance (no growing 0 50 100 150 200 0 50 100 150 200
. Non-stationary: growing variance Non-stationary: seasonality
swings), .
5
» the link between two points depends . Z
only on how far apart they are, - o
never on when they are. -10 -4
0 50 100 150 200 0 50 100 150 200

That third condition has a name: the Why we care: ARMA-type models assume stationarity, and

autocorrelation at each lag must not drift over for a good reason — if the relationships keep changing, a
model fitted on the first half is describing a series that no
longer exists in the second. Trends and seasonality come
out first, then get added back to the forecast.

time. We measure it two sections from now.
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Differencing makes a series stationary

Differencing: model the change
instead of the level.

Yi= Yt — Vi1

» Removes a trend.

» Seasonal differencing y; — y;—p,
removes a season of period m.

Testing it — two tests, opposite
nulls (small p rejects, so they point
opposite ways):

» Augmented Dickey-Fuller (ADF) — Hp:

non-stationary.

» Kwiatkowski-Phillips-Schmidt-Shin
(KPSS) — Hp: stationary.

Original: trending. ADF p = 0.94 (cannot reject non-stationary) KPSS p < 0.01 (rejects stationary)

SV

After 1st differencing y: —yc-1. ADF p = 0.000 (stationary) KPSS p > 0.10 (agrees)

K%M 1AA+13[/\A //\/‘\ M/\A /

WL A
VA R

N

2016 2017 2018 2019

2020 2021 2022 2023 2024

Two tests, opposite nulls. Agreement is the evidence you want; disagreement means look again
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What does “difference d times” actually mean?
d is a count: how many times you apply the difference operator, one after another.
Nothing more mysterious than that.

Why once is normally enough. Let the trend be a
straight line, yy = a+ bt:

In practice d € {0,1,2}. Wanting d = 3 al-
most never means a trend — it means a variance
Yt = Yi—1 = (3 + bt) - (3 + b(t - 1)) =b that grows (take log) or a one-off level shift
(model the break).

The line is gone in a single pass, and a constant is

left. Seasonal differencing is counted separately, as D
When you need d = 2. If the slope itself grows, at lag m. One of each, (1 — B)(1 — B?), is the
ye = a+ bt + ct?, one difference leaves usual monthly combination.

b+ c(2t — 1) — still a line in t. Difference again and
you get 2¢. Hence d = 2.

Stop as soon as the test passes. On our series the standard deviation goes 40.9 — 10.8 — 11.7. The
second difference had no trend left to remove, so it differenced the noise — and the difference of noise is
noisier still. Over-differencing costs accuracy and bolts on a spurious MA term.
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The ARIMA family

The workhorse of classical forecasting.



AR(p): regress the series on its own past
Yi = C + Q1yi-1 + Qayr2 + ...+ Gpyrp + Er

AR = autoregressive. Every symbol,

named: One step, by hand. AR(1) with ¢ = 2, ¢ —
» y, ; — the value / steps ago. Observed: it is 0.8 Yistéfday yt—1 = 10 and today's shock
sitting in your data. fe= R Eve
» ¢; (phi) — the weight on that past value. yt=2+08(10) —1=9
Th|s is what gets fitted. ¢; = 0.8”reads as Then with ye = 9 and a shock of +3: yes1 —
today starts at 80% of yesterday”. 2+0.8(9) +3 =12.2.
» ¢ — a constant, setting the level the series
returns to. € is not something the fitting picks: only ¢ and
> <, (epsilon) — the shock at time t: the part the ¢'s are chosen, and ¢; is whatever is left over.
of today the past could not predict. Mean 0, Next slide: how.
constant variance, uncorrelated. All the What ¢'s size means: [¢| < 1 pulls back toward

the mean (stationary); ¢ = 1 is a random walk,

randomness enters here. shocks never fade; |¢| > 1 explodes. 14 / 41



AR: it really is just least squares

Ye=C+ Q1yr-1+ oyt + €t

Everything on the right is in your data. So
lay it out as a table:

Ye—2  Yit-1 ‘ Ye

112 118 | 132

118 132 | 129

132 129 | 121

That is a design matrix, and this is exactly
the reframing lecture 30 opens with. Then
it is ordinary least squares (OLS): pick ¢
to minimise >_.(y+ — §+)?, closed form, no

search: A
é=(X"X)"'xTy

Measured on our series. Plain OLS on one
lag column gives ¢ = 0.9686. statsmodels’
exact maximum likelihood gives 0.9749. A gap
of 0.006.

Why any gap at all? OLS quietly throws away the
first observations — it can only start once it has p
lags in hand. Exact likelihood models those startup
values too. With T = 96 this barely matters; with
T =20 it can.

A second closed-form route, Yule-Walker, solves for
¢ straight from the autocorrelations you plotted ear-
lier. The correlogram is not only a diagnostic — it
can hand you the coefficients. 151/ 41




Interlude: the moving average you already know

The moving (rolling) average: a sliding mean of the VALUES

A wider window smooths harder the window of 3 slides one step at a time
240 raw y; 150
220 rolling(3)
200{ = rolling(12) 145

— Mean = 142.2

125 — €3N = 141.0
80
2015-‘12-31 2015-‘03-10 2020-b5-18 2022-b7-27 6 i )‘ é é
step
Replace each point by the mean of the last k values:
MA3(t) = L (vt + vee1 + yeo A dgscriptive smoother, not a model: no parameters
(®) 3( ) to fit, and it makes no forecast by itself.

The window slides one step at a time: 145.0, then

142.2, then 141.0. Bigger k smooths harder — k = 12

on monthly data erases the season outright, which is Note for lecture 30: y.rolling(3) .mean() includes

roughly how a trend estimate gets made. yr itself, so as a feature for predicting y; it is leakage.
Shift first: y.shift (1) .rolling(3) .mean().
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MA(q): regress on your own past mistakes

Ye = € + &t + O16¢—1 + ... + Oget—q

MA = moving average, a historical Unrolled, by hand. MA(1), ¢ = 50,
misnomer (next slide). 01 = 0.7, with shocks ¢ = +4, -2, +6,0:
» ¢, — the same shock as in AR. vy =50+4 — 54
Un.observed: it !s the model’s own error, Y2 =50+ (—2) + 0.7(4) — 508
so it does not exist until there is a model. Vs = 50+ 6+ 0.7(—2) _ 546
» 0, (theta) — how much of the surprise Ve = 50+ 0+ 0.7(6) — 549

from j steps ago is still echoing today.

The one-line contrast. AR carries forward the
value; MA carries forward the surprise.

The big surprise at t = 3 still lifts t = 4, and is then gone completely at t = 5. An MA(q) has
a memory exactly g steps long — a hard cut-off. An AR’s memory decays forever without ever
quite reaching zero. That difference is what the ACF and PACF are about to expose.

17 /41



MA: the same trick breaks, and the way around it

Yi=C+er+016i1

Try to build the same table. The first column
would have to be ;,_7; — and it is not in
your data. The shocks are the model’'s own
errors, so they do not exist until you already
have a model. Circular.

The escape, and it is the whole idea: fix a candi-
date 61 and the shocks become computable. Set
g0 = 0, then walk forward:

et=yt—c—01e:1

Each step only needs the € you just worked out.

So any 6, produces a full residual series, which
you can score by its sum of squared errors

(SSE):
SSE(6;) = Y _ 7

Hand that function to a numerical optimiser and
ask for the minimum.

This is conditional maximum likelihood: when
the shocks are Gaussian, maximising the
likelihood is minimising that sum of squares.

No formula means a search, and searches can fail:
sensitivity to the starting guess, local minima, non-
convergence. That is why .fit() sometimes warns,
and why the warning is not decoration.
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Can we really recover the shocks? And where |§| < 1 comes from

|6] < 1: the wrong seed is forgotten 6=1.3, and the 6 is CORRECT: it explodes
1072 4
1074 4
107° 4

1078 4

&l

! 10-10

€

10712 ]
1014 4

10-16 ]

We seeded that recursion with eg = 0, which is simply
false. It stops mattering, because each step multiplies
the leftover error by 0: at 6 = 0.7 the recovery error Now push 6 past 1. The same step multiplies the
falls from 2.2-1072 to 1.4- 1078 by t = 40. Closer to 1 error instead: even with the correct § = 1.3 the
is slower — § = 0.9 is still at 4 -10~4. shocks diverge past 10°. Invertibility (|6] < 1) is
precisely what makes the shocks recoverable — hence
the constraint.

And what is not estimated: an MA(1) fit searches three numbers — ¢, 6, 02 — however long the
series. The ¢ are residuals, not parameters, and they are exactly the one-step-ahead forecast errors — so
“minimise >_, 2" and “minimise the one-step error” are one sentence.
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Careful: “moving average” means two different things

The MA in ARIMA is not the rolling
mean from two slides ago.

The one you already know — a rolling
or moving average: a sliding mean of the
values, used to smooth a curve.

%(Yt—l + Y2+ )/t—3)

You compute it from data you can see.

MA(q) in ARIMA - a weighted sum of the
past shocks (the model’s own errors):

ye=cCH+er+ 01601+ ...

The €'s are unobserved. You never measure
them; the fitting procedure infers them.
That is why MA orders cannot be read off
the data directly the way a rolling mean can
— and why they need the ACF.

Two unrelated ideas, one name, purely for historical reasons. Next lecture we build rolling-mean
features (y.shift (1) .rolling(7) .mean()) and feed them to a tree — that is the other moving

average. Keep them apart.
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Putting them together: ARMA and ARIMA

ARMA(p, g) — both terms at once, for a
series that is already stationary:

Where each number comes from:
» p — AR order, read from the PACF

P q
> 4 dF .
Vi =c+ E Givei+er + § :ngtfj d — differencing, from ADF / KPSS
—1 » g — MA order, read from the ACF

i= j=1
— Those two plots are the next section.
past values past shocks
ARIMA(p, d, q) adds the “I" = ARIMA(0,1,0) is just the random walk — the

“tomorrow = today” baseline. Every fancier model

Integrated = difference d times first, so it | s to beat it.

handles a trending series directly.
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What AR and MA actually look like

AR(1), ¢ =0.8: today = 0.8 yesterday + shock MA(1), 6 =0.8: today = shock + 0.8 last shock
4

value

persistent - wanders, slow to revert brief echo - reverts almost at once

0 20 40 60 8 100 120 140 O 20 40 60 80 100 120 140
time time

Same machinery, different memory: an AR term makes the series persist (today leans on yes-
terday’s value); an MA term is a short echo of the last random shock. ARMA blends the two.
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SARIMA: adding seasonality

Real series are seasonal, so add a second, seasonal triple:

SARIMA(p, d,q)(P, D, Q)m

» lower-case (p, d, q) — the short-term, non-seasonal part;
» upper-case (P, D, Q) — the same idea at the seasonal lag;
» m — periods per season (12 monthly, 7 daily-with-weekly, 24 hourly-with-daily).

One m only. Hourly electricity demand has a daily and a weekly and a yearly season — SARIMA
can model one of them. That limitation is exactly why Fourier seasonal terms, and models like
Prophet, exist.
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Autocorrelation

How a series correlates with delayed copies of itself.



Where autocorrelation comes from
Autocorrelation is simply the measurement of “yesterday tells you about
today” — the ordinary correlation you already know, applied to the series against a
shifted copy of itself.

One scatter per lag; collect the correlations and you have drawn the ACF

lag 1: r=+0.96 lag 12: r = +0.97 all lags at once = the ACF
. 1.0
225 i’ 25 225 d
200 d '.-:[f 200 200 R o o8
175 175 " bop o’: 0.6
= 175 ® o ¥ 0.4
150 150 0..%'
125 125 150 ""0 -t 02
100 100 125 oy 0.0 7
- * -0.2
100 150 200 100 150 200 100 150 200 0 5 10 15 20 25
V-1 V-6 i1z lag
The recipe: copy the series, shift the copy k steps, line
the two up, scatter one against the other, take Pearson’s
r. That number is the autocorrelation at lag k. Repeat Neighbouring months are nearly identical (+0.96);
for every k, draw one bar per lag, and you have drawn the six months apart is the weakest link (4-0.77), be-
autocorrelation function (ACF). Nothing else happens in ing half a season away; twelve months apart is as
that plot. tight as one (+0.97) — the season announcing it-
self. What it buys you: which lags belong in the
model.
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ACF and PACF: why you need both

Reading model orders off ACF / PACF (AR(2) sample)

ACF (autocorrelation) PACF (partial autocorrelation)

The ACF double-counts. Today depends on 1.00 1.00
yesterday, and yesterday on the day before. 075 075
So today correlates with the day before for 0.50
free, borrowed through yesterday, even with
no direct link. The ACF reports that borrowed

cuts off after lag 2
=> AR(2)

correlation.
0 5 10 15 20 0 5 10 15 20
lag lag
The partial autocorrelation function (PACF) is
the fix: lag k with lags 1...k—1 stripped out. The classic way to read the orders off the data:
ACF = direct + borrowed; PACF = direct only. > PACF cuts off after lag p = AR(p).
» ACF cuts off after lag g = MA(q).
How lag 1 gets removed, at k = 2: predict > Both decay = a mix (ARMA)
vt from y:_1 and keep the residual at; predict Y ’
yt—2 from y;_1 and keep the residual b:; then That cut-off is exactly the “memory exactly g steps
PACF(2) = corr(at, by). long” from the MA slide.
Both ends have had everything y:_; explains
subtracted off, so what is left cannot travel The shaded band is the “not significantly different from zero”
through lag 1. )
region (£1.96//T).
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Choosing the orders — on our own series

Reading the orders off OUR monthly series

Raw series: ACF decays slowly = still trending After (1 - B)(1 — B?): ACF
1.01 1.00 1

\ag%lz \ag%lz
0.8 0.754 0.75 H
067 0.50 0.50
041 0.25 l I H 0.251
0.2
oo 0.00 l“l “f-T Tlr TTIT'I"l 0.00
~0.25 -0.25
-0.2 ! ! ! ! ! ! | | | | | | | | | | | |
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
lag lag lag
Left: the raw ACF decays slowly (lag 1 = 0.94) —
lassic “still trending”, dd>1. ;
classic ST Trending , sowe heed ¢ = _ That gives SARIMA(0, 1, 1)(0, 1, 1)12 — known
Middle: after (1 — B)(_l — B™) (B is backshift, as the airline model, because Box and Jenk-
By = Ye-1) — one ordinary and one seasonal ins fitted exactly this to monthly airline pas-
difference — one clear negative spike at lag 12 sengers.

(—0.35). A single negative seasonal spike in the ACF
is the signature of a seasonal MA term, so Q@ = 1.
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Did reading the plot actually help?

We could have guessed a seasonal AR SARIMA(0,1,1)(0,1,1);;, forecast - the "airline model'

H LA f— rain — orecas

term instead. Compare the two by 2501 seatl (held oty SHRMA forecast
Akaike Information Criterion (AIC) — 225
fit quality penalised by the number of 200
parameters, lower is better: 1751
150
orders AIC  test MAE 125
(1,1,1)(1,1,0)1 356.4 7.24 100]

(0,1,1)(0,1,1);, 343.8  6.07

The plot was right: the seasonal MA wins on
both, and we never touched the test set to find The forecast comes with a prediction interval — uncer-
that out. tainty grows with the horizon. A point forecast without
an interval is only half an answer.

2016 2017 2018 2019 2020 2021 2022 2023 2024

In practice: don't hand-tune p, d, q at all. Use pmdarima.auto_arima or statsforecast.AutoARIMA,
which search orders by AIC for you. Read the plot to understand, let the search choose.
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Exponential smoothing

Weighted averages where the recent past counts most.



Why average the past at all — and why not equally?

You want one number summarising “where the series is right now”. Three ways to get

it:

1. Mean Of everything. USGS a” the data _ o Every past value counts, but geometrically less. Weights_s:m:zi.z I
but a value from five years ago counts <o [ 2205 telhtenycs =050
exactly as much as yesterday. Hopelessly .,
sluggish. £

2 02

2. Mean of the last k (the rolling mean). ., —

Reacts, but it is a cliff: the k-th oldest 0 : ‘ ¢ ’ oo om

how many steps back (k)

point counts fully, the (k+1)-th counts
zero, everything older is thrown away.

3. Weight everything, decaying with age.
Nothing discarded, nothing old
dominating. This is exponential
smoothing.

The weights run a, a(l — a), a(l — a)?,... — geometric, hence “exponential’. o = 0.8 gives
0.80,0.16,0.03 (almost everything on the last two points); a = 0.2 gives 0.20,0.16,0.13,0.10 (a long
memory). « is the single dial between “trust the latest reading” and “trust the history”. 30 / 41




Simple exponential smoothing, written two ways

Recursive form Where the geometric weights come
from. Substitute the rule into itself:

Ver1 = aye + (1 — )y Pes1 = aye + (L — a)fr

= ay: + (]_ — a) [Oéyt—l + (]- - O‘))/}tfl]

“the new forecast is the old forecast,
=ayi+a(l—a)yi1+ (1 — )P

blended with what actually happened.”

Error-correction form — the same line, Keep going and you get the weights on the
rearranged: previous slide. The recursion is the infinite
weighted average, computed two numbers
V1 =9t + Oé()/t - }A/t) at a time.

Read it: « is the fraction of your latest
error you correct for. At a = 0.2 you close
a fifth of the gap.
The limits: o — 1 gives §:1+1 = y:, the naive forecast. a — 0 freezes at a constant. And

beyond one step the forecast is flat: y;.n = y+11 for every h. That flatness is precisely why Holt
and Holt-Winters exist. 31 / 41



From a simple average to Holt-Winters

The family is written ETS — Error,
Trend, Seasonality, the three
components you switch on or off.

Simple Exponential Smoothing
(SES) — level only, one dial a.. Flat
forecast.

Holt — adds a slope, smoothed by its
own dial g exactly the way o smooths
the level. Forecast is a line.

Holt-Winters — adds a seasonal profile,

smoothed by . Level 4 trend +
season, three dials, one idea applied
three times.

240

1801

160

140+

Exponential smoothing: only Holt-Winters captures the season

— train Holt (level+trend)
— actual = Holt-Winters (+season)
=+ simple (level only)

i
!
2019-07 2020-01 2020-07 2021-01 2021-07 2022-01 2022-07 2023-01 2023-07 2024-01

ETS and ARIMA overlap but are not the same: ETS is built from interpretable components,
ARIMA from autocorrelation. On many business series they perform similarly — try both.
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By hand: choosing o for exponential smoothing

Series y = 10, 14, 12, 18, 16. Start the level at 3 = y; = 10 and score with the

summed squared one-step-ahead errors.

a = 0.2 (trust the history)

a = 0.8 (trust the latest reading)

t | forecast actual error
2 10.00 14 +4.00
3 10.80 12 +1.20
4 11.04 18 +6.96
5 12.43 16 +3.57

SSE 78.61

t | forecast actual error
2 10.00 14 +4.00
3 13.20 12 -1.20
4 12.24 18 +5.76
5 16.85 16 —0.85

SSE 51.34

One update in full: 3 = 0.8(14)+0.2(10) = 11.2+2.0 = 13.2.
it jJumps around, so leaning on the latest value pays. Notice we did not choose that; we scored

It.

« = 0.8 wins on this series —

33/41



Same recipe everywhere

Fitting a smoothing parameter: no formula, a search

Two candidate @ on a 5-point series “The optimiser just walks down this curve

The recipe, unchanged all lecture:
write the one-step-ahead error, square

—a— actualy,
B a=02:SSE786
164 -m- @=08:SSE513

SSE of one-step errors

= . it, sum it, minimise it.

10 s \* =

The two squares are the tables you just filled in. » AR - regressors observed = closed
Sweep every a and the minimum sits at o = 0.67 form.

(SSE 49.8). An optimiser simply walks downhill to it. » MA / ARMA / SARIMA - regressors

unobserved = numerical search.

» ETS («, 3,7) — numerical search, and
the starting level / trend / season get
fitted too.

Do not confuse two loops. Fitting picks the coef-
ficients for one fixed (p, d, q). AIC picks between
different (p,d, q). Inner loop and outer loop.

Real libraries refine the inner loop, but the shape never changes: propose, score, improve. 34 / 41



Baselines and evaluation

A forecast is only “good” relative to the dumbest thing that works.



Always start with a naive baseline

Before any model, write down the trivial
forecast:
» Naive: §; = y;_1 (tomorrow = today).

» Seasonal naive: §; = y;_, (this
December = last December).

» Drift: last value + average change.

If your fancy model can’t beat seasonal naive,
it is not helping. This happens far more often
than people admit.

Error metrics

» Mean Absolute Error (MAE) - in the
target's units.

» Root Mean Squared Error (RMSE) -
penalizes big misses more.

» Mean Absolute Percentage Error
(MAPE) - breaks when y = 0, and
punishes over-forecasting more than
under-forecasting.

» Mean Absolute Scaled Error (MASE) —
scale-free; the one to report.
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MASE, by hand

MAE of your forecast on the test set

MASE =

Denominator — walk the training series
and predict each month with the same
month last year. Say those errors are
|—12|, 20, |—18|,22:

12420418422 __
118422 _ 18

Numerator — your model’s test errors, say
5,|-9/,7,3:

5+9+7+3 _
2 =6

MAE of the seasonal naive forecast in-sample, on the training set

6
MASE = — =0.
S 18 0.33

Your errors are a third of what naive
repetition would cost. Below 1 is a win,
above 1 means you lost to copying last
year.

Note the asymmetry: the denominator is measured
in-sample, on train. So the seasonal naive evaluated
on the test set does not have to score exactly 1.00
— it can land either side. Two slides from now ours
comes out at 1.22.
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Evaluate on the future, never by random split

You cannot shuffle-and-split a time series: that trains on the future to predict the past.

Random split -> test points sit BEFORE train points = leakage
e train e test

200 A

1504

1001

Forward split -> train on the past, test on the future = honest

o train(past) e test (future)

200 -

1504

1001

2016 2017 2018 2019 2020 2021 2022 2023 2024

The k-fold cross-validation you have used since Ridge assumes exchangeable rows. Shuffling breaks that
twice: you train on the future, and adjacent rows are autocorrelated, so neighbouring folds leak into
each other. Full machinery — lag features, TimeSeriesSplit — in lecture 30.
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One more trap: even the baseline has to respect the arrow

Seasonal naive means “this December = last December”. Writing that as
y.shift(12) across a test block looks harmless — and is wrong the moment your
horizon exceeds one season.

On our series that single fix moves the seasonal
naive from MASE 0.90 to 1.22.

Forecasting 18 months from one origin, steps 13—

18 would reach back only 12 and land inside the Which is the whole point: a leaky baseline
test window — the “baseline” reads the future it is is the most dangerous kind. It sets the bar
supposed to predict. too high, so a good model looks mediocre —

and you go tune something that was never the

The honest version always reaches back to an problem.
observed value:

JT+k = YTik—mlk/m]
Rule of thumb for picking an approach: short, single, strongly-seasonal series — ARIMA / ETS are
hard to beat. Many related series, long history, exogenous drivers — the ML and deep methods of the
next lecture start to win.
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Recap — classical time series

Ideas that transfer:

>

>

Time order is information; only train on the
past.

Decompose into trend + season + residual
(STL). A cycle has no fixed period, so it
never gets its own term.

Difference the minimum amount; check
with ADF and KPSS.

AR carries the value forward, MA the shock.
MA(q) is not a rolling mean.

Autocorrelation is just r between a series
and a shifted copy; ACF is the total link,
PACF the direct one.

Coefficients are not chosen by taste:
minimise the summed squared one-step
error. AR has a closed form; everything else
is a search.

Next (30): ML for time series. Re-
frame forecasting as supervised learn-
ing —

» time-aware splits and leakage,

» lag / rolling / calendar features,

» TimeSeriesSplit cross-validation,

» gradient boosting (and the

trend-extrapolation trap),

» deep learning and the new foundation
models.

The lag table on the “AR is least squares” slide
is literally the first slide of lecture 30. Classical
and ML forecasting are closer than the two
names suggest.
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Questions?

Next: forecasting as a supervised ML problem.
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