Optimization in Machine Learning

Second order methods
Newton-Raphson

Learning goals
@ Newton-Raphson
@ Limitations
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FROM FIRST TO SECOND ORDER METHODS

@ So far: First order methods
= Gradient information, i.e., first derivatives

@ Now: Second order methods
= Hessian information, i.e., second derivatives
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NEWTON-RAPHSON

Assumption: f € C?

X

we ‘now WO K
Aim: Find stationary point x*, i.e., Vf(x*) =0 Uah Ehe £le aw\ﬂwd x

Idea: Find root of first order Taylor approximation of Vf(x):

Vix) ~ Vixl) + v2#(xlT)(x — x[1) = 0 X X
v2f(xl1) (x — xl1) = —vf(x[1)
Xl — yl (sz(x[r1)>“ Vi)

el

Update scheme: K? ,\Wm\(; Mb\{;g\,\ N

(1] _ [ | gli] ‘ 1 +
ﬂx =x"+d ump Lo J(LQ or B A
with dlfl = — (sz(xm)) V(1)
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NEWTON-RAPHSON

Note: In practice, we get dlfl by solving the linear system X
v2f(x)dl) = —vf(x1
o 6D e i Clobayg X
with direct (matrix decompositions) or iterative methods. dec owPos’\ fom - X x
Relaxed/Damped Newton-Raphson: Use step size a > 0 with (@"f auSe Vfr Ty

Lyl gl N §3M,MJWQ

to satisfy Wolfe conditions (or just Armijo rule) <p°3m'( we W §kn
ﬁk«e\&jﬁ"b\‘\( % LC YPQQ UfoQ
tlhey ¢ S
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ANALYTICAL EXAMPLE WITH QUADRATIC FORM
) X

X,
f(x,x) =x; + %

2 \—?TL(S I SC’P@L\J@{ ) 4

Update direction: dlf = — (sz(xy],xg])> Vi(x; Xl Z[t]) 'va\(
2x; , 5 0 I X X
Vf(X1,X2):<X2>, V f(X17X2): <O 1) \)

First step: HP"‘{\“‘ \""LQ\Q 29 S NA\

NUNSIVNC AN o (2 (Mdestend E
()= G o= () (5 ) () |
0 0
(m) ( [01) 0

Note: Newton-Raphson only needs one iteration for quadratic forms

A
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NEWTON-RAPHSON VS. GD ON BRANIN
FUNCTION

Y
100 200 300 400 500

a

Steps

Red: Newton-Raphson. Green: Gradient descent.
Newton-Raphson has much better convergence speed here.

—p\ﬁ,. rO"\-\F‘h\"a 7
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DISCUSSION

Advantage:
@ For f sufficiently smooth:

Newton-Raphson converges locally quadratically
(i.e., for starting points close enough to stationary point)

Disadvantage:
@ For “bad” starting points:

Newton-Raphson may diverge
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LIMITATIONS
Problem 1: In general, d!l is not a descent direction O 0 X

x1

-1
But: If Hessian is positive definite, d is descent direction: W‘" TR P-d.ﬂ A P-i.

—1
VA Tl = —we(xlh)T (sz(x['] )) vy <o

Near minimum, Hessian is positive definite. For initial steps, Hessian is often not
positive definite and Newton-Raphson may give non-descending update directions

Optimization in Machine Learning — 7/8



LIMITATIONS

Problem 2: Hessian can be computationally expensive to calculate,
since descent direction d!l is the solution of the linear system

V2f(xIh)dll = —wr(x[).

Aim: Find quasi-second order methods not relying on exact Hessians
@ Quasi-Newton method
@ Gauss-Newton algorithm (for least squares)
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Optimization in Machine Learning O 0O X

Second order methods
Quasi-Newton X X

Learning goals
@ Newton-Raphson vs. Quasi-Newton
@ SR1
@ BFGS




QUASI-NEWTON: IDEA

Start point of QN method is (as with NR) a Taylor approximation of the
gradient, except that H is replaced by a pd matrix Alfl:

vix) ~ Vi) + v rxMx —x) =0 NR
Vi(x) ~ Vi(x") + Al x—x") =0 aN

The update direction:

d = —vPr(x) ') NR
df = (A~ vty oN
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QUASI-NEWTON: IDEA

@ Select a starting point x[% and initialize pd matrix Al°! (can also be
a diagonal matrix - a very rough approximation of Hessian).

© Calculate update direction by solving

Allgll — _ys(xlt)

and set x[t+1 = xl1l - ol gl (Step size through backtracking)

© Calculate an efficient update A[””],
based on xI, xlt+1], vf(x[1), Vf(x[t+1]) and Al
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QUASI-NEWTON: IDEA

Usually the matrices Altl are calculated recursively by performing an
additive update
Al — Al 4 gl

How Bl!l is constructed is shown on the next slides.
Requirements for the matrix sequence All:

@ Symmetric pd, so that d!l are descent directions.
© Low computational effort when solving LES
Allgll — —vr(xl)

© Good approximation of Hessian: The “modified” Taylor series for
Vf(x) (especially for t — oo) should provide a good approximation

Vi(x) ~ Vi) + Al (x — x[1)
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SYMMETRIC RANK 1 UPDATE (SR1)

Simplest approach: symmetric rank 1 updates (SR1) of form

A Al gl — Al gyl ()T

with appropriate vector ull € R”, 5 € R.
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SYMMETRIC RANK 1 UPDATE (SR1)

Choice of ulll: X
Vectors should be chosen so that the “modified” Taylor series
corresponds to the gradient: X

X X

Vi(x) = Vf(x[t—H])+A[t+1](xix[t+1])
Vi(x) = Vx4 (A[t] +ﬁu[t](u[’])T> (x — It

|\ ——
.—glt+1]
Vi(x) — VAT = (Am n m,m(um)T) §lt+1]
yl+1] ’
T . . . .
yll — Al = (5(““1) S[H]) ul! pysh hessian into dir of largest error. like CMA
ES
[ — t+1 1 _ 1 :
For ulll = ylt+1] _ Allglt+1] gnd g = (AT T the equation
is satisfied.
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SYMMETRIC RANK 1 UPDATE (SR1)

Advantage
@ Provides a sequence of symmetric pd matrices

@ Matrices can be inverted efficiently and stable using
Sherman-Morrison:

uu’

A+ ;3UU -1 = A+ B—m—non0—.
( ) 1+pu'u
Disadvantage

@ The constructed matrices are not necessarily pd, and the update
directions d! are therefore not necessarily descent directions
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BFGS ALGORITHM

Instead of Rank 1 updates, the BFGS procedure (published
simultaneously in 1970 by Broyden, Fletcher, Goldfarb and Shanno)
uses rank 2 modifications of the form

Alll 5u[f](u[f])T + Bv[t](v[t])T
with sl .= x[t+11 — xI1
o ull = V(xItt11) — vf(xI
o vl = Allgll
® B = myriem
© =~ eyt amam

The resulting matrices Alfl are positive definite and the corresponding
quasi-newton update directions d!! are actual descent directions.
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Optimization in Machine Learning

Second order methods |I7.0.24
Gauss-Newton 62} T QJ

Learning goals
@ Least squares
@ Gauss-Newton
@ Levenberg-Marquardt
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LEAST SQUARES PROBLEM
Consider the problem of minimizing a sum of squares
min g(8).

where

and

r:RY = R"
01— (r1(0),...,r(0)"

maps parameters 6 to residuals r(6)
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LEAST SQUARES PROBLEM

Risk minimization with squared loss L (y, f(x)) = (y — f(x))? X

Least squares regression:
Rl 354 (5000 16)) - 5 (01 1010)) X X

ri(0)?

o (x() | ) might be a function that is nonlinear in 6
@ Residuals: r; = y{) — f(x()| )

Example: .
_ OO s
po= (()), i
= ((1,8),(2,7),(4,12),(5,13),(7,20)) 1

2 4 6 8
X
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LEAST SQUARES PROBLEM

Suppose, we suspect an exponential relationship between x € R and y

(x16) = by - exp(fs-x), 0 0pc R (JusT ow o

Residuals:
0 exp(Gx) — yM 01 exp(162) — 3
01 exp(0,x®)) — y®@ 01 exp(262) — 7
r(0) = | 01exp(02x¥) — y©® | = | 601 exp(462) — 12
01 exp(Gax@) — y@ 01 exp(562) — 13
0 exp(0x®)) — y©® 61 exp(762) — 20

Least squares problem:

5

mgin 9(0) = m(;n Z (y(i) — 01 exp (92x(i)>)2

i=1
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NEWTON-RAPHSON IDEA
Approach: Calculate Newton-Raphson update direction by solving: X

v2g(00)dll = ~vg(al). (e thov twvse al
am)‘uoml\) (‘O'I'H Wy x

V\O““\_""\"k ?fB x x

Gradient is calculated via chain rule
Vg(6) = V(r(6)"r(8)) =2-Ji(6) (),

where J,(0) is Jacobian of r(8).

In our example:

Bgé?) agg(f) exp(02xM)  x(10; exp(B2xM)
20(6)  2(0) exp(2x?)  x®0; exp(02x1?)
Jr(0) = . 2ol = | exp(82xPF)  x®0; exp(62x)
: : exp(02x®)  xB0; exp(h2xP)
or5(6)  Ors(6
%56 5 exp(62x¥) X0, exp(62x®)
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NEWTON-RAPHSON IDEA
Hessi f g, H, = (Hi )i, is obtained vi duct rule: ’ T Z
essian of g, Hy = (Hjc)jr, is obtained via product rule VQ\) ”1[@3 Y B X

n
or or; 92r; x
— H, =2 :
= P Z(aa, aek”’aa,-aek)

i=1

X X

But:

Main problem with Newton-Raphson:
Second derivatives can be computationally expensive.
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GAUSS-NEWTON FOR LEAST SQUARES (\«»Lg 307””\(:“ c, L/
)

Gauss-Newton approximates Hgy by dropping its second order part: Ooo il s;»w”’" ’

= 2J,(0)" J,(8)

Note: We assume that /—\
9 2,
@ i > |n o°ri ’{ L:f u«ﬂa g’ > Q‘)T

00; 065 06,00k |

thMJ‘L‘ g'{é w0 ’h'\ao"w‘-)
This assumption may be valid if: / up O oitisn, mmone Jigg

0
@ Residuals r; are small in magnitude or wle of % ’\L\'wwg

H “ H ” H 2p; H
@ Functions are only “mildly” nonlinear s.t. ag,-arbk is small.
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GAUSS-NEWTON FOR LEAST SQUARES
If J,(0) " J,(0) is invertible, Gauss-Newton update direction is X
d = [v2g(el)] " V(o) X

—1
J(61) " 1() X X
o Bob

~ — [U(61) T ur(01)
= )71 r(0)

\75
Advantage: D H" h \( Vf\ AV -
- (A > }Q - HA XU 20
Reduced computational complexity since no Hessian necessary. )
’da‘l& (&Y S'][\ﬂﬂ ée

Note: Gauss-Newton can also be derived by starting with
T e g g l d
w1 Lhoe 4o - ad r(0) ~ r(6Y) + J, (6 6 — ol ) =T1(6
lm(n'f( e i\w"led (n M”!J asusp, (’Hv'\ 3 B sh.n(ﬂﬂ ) ( ) 0.1’\ ‘e‘b‘ [ Qj)
'516 o™ \'ﬁ\ '\’1 ALOU @

and g(0) = 7(0) "7(0). Then, set Vg(8) to zero. [FVL\ ek ot wed T )
0 euw ok " (I LYY 1%

- @%? envaly ey
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LEVENBERG-MARQUARDT ALGORITHM

@ Problem: Gauss-Newton may not decrease g in every iteration but X
may diverge, especially if starting point is far from minimum
@ Solution: Choose step size o > 0 s.t. X
xltH1] = xlf 1 qqlf x x
decreases g (e.g., by satisfying Wolfe conditions) w\\‘Q/( _“ . :»\(\sﬂ;

@ However, if a gets too small, an alternative method is the L? Do we noA
77 \’Uoppe o,

to “1“’(1\9(’17?
Levenberg-Marquardt algorithm 2 (

(J, Jr + AD)d = —yTr(6)
Jwy 8 A M) W s

D 4 ool

@ Dis a positive diagonal matrix
e A= \M>0isthe Marquardt parameter and chosen at each step
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LEVENBERG-MARQUARDT ALGORITHM Do we use fhis wyaf frnile

< \’\‘l—\ E:T wt Jo Soue sThe
@ Interpretation: Levenberg-Marquardt rotates Gauss-Newton {Lg Q( X
update directions towards direction of steepest descent ’S~

vx\Rl««‘l\r«’(‘V" ‘)9 ,\:()U\\" N x

Let D = [ for simplicity. Then: (o e
melt by gl — MITdr+ A0 (=dr(6)) X X
AN Sé
\ = (1= I/ N+ (TGP N2 F ) (= r(6)) ,%f bope

P
TR i

ID {e ©
™ g (o"\p'« ¥
(l;O

oy

Qoo “‘"\\p for A = oo - ;) Wl 9(-& A:ﬂ v
Q(Q ”‘k Note: (A +B)™! Z;‘;O(_AAB)kAq

VAW

Pkl {

@ Therefore: dlf! approaches direction of negative gradient of g \3 H ol V"\ <) »0( Yu

@ Often: D = diag(J, J;) to get scale invariance 7 ‘ ) 0 \"’: \(::
(Recall: J,' J; is positive semi-definite = non-negative diagonal) ()\ ( '

}’W\L‘a? e "\T'A‘el
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Optimization in Machine Learning

Second order methods
Optimization in R

Learning goals
@ optim()
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OPTIMIZATION IN R

Function optim() from base R provides algorithms for general
optimization problems:

@ Brent: Only for one-dimensional functions. Use the function
optimize(). Can be useful if optim() is called within another
function.

@ CG: conjugated Gradient Methods

@ BFGS, Quasi-Newton
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OPTIMIZATION IN R
General Call:

optim(par, fn, gr, method, lower, upper, control)

par starting values of the parameters to be optimized

fn (objective) function, to be optimized (default: minimized)
gr gradient / derivative with corresponding method
method optimization method (see above)

lower/upper boundaries for optimization (L-BFGS-B)
control List of control parameters

Optimization in Machine Learning — 2/2
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Optimization in Machine Learning O 0O X

Second order methods
Newton-Raphson vs Gradient Descent X X

Q3G

Learning goals

@ Comparison of Newton-Raphson and
Gradient Descent

@ Pure Newton vs relaxed Newton with
step size




NEWTON-RAPHSON AND GD (RECAP)

@ Gradient Descent: first order method
= Gradient information, i.e., first derivatives

@ Newton-Raphson: second order method
= Hessian information, i.e., second derivatives

Gradient Descent:
x(H1 = Xl — o wf(xl)
Pure Newton-Raphson:
Xl = xld (sz(xm))_1 V(!
Relaxed/Damped Newton-Raphson:

1
xF1 = xll _ (sz(x[’])> v(x!)

Optimization in Machine Learning — 1/8
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COMPARISON SIMULATION SET-UP

Comparison of Newton-Raphson, relaxed NR and GD+momentum: X
@ Logistic regression (log loss) simulation with n = 500 samples
and p = 11 features, where 8* = (-5, —4,...0,...,4,5)", and X
X ~N(0,%)for ¥ = I (i.i.d.) or X;; = 0.99/" (corr. features)
@ To simulate response, we set y() ~ B(z(0), () = % x x
1+ei(xl ) 9%
. - H-( when
@ Indep. features result in a condition number of ~ 2.9 while corr.(H;JL K= 0 fl"“‘o’S v ol )

. s we (bonge copt (OghA .
features yield (moderately) bad condition number ~ 600 ¢ e e

@ ERM has unique global minimizer (convexity) but no closed-form
solution. We can approximate @ using glm solution

@ We als track the optimization error |6 — 6|,

@ For relaxed NR we use a = 0.7 and for GD we set a = 1,
momentum to 0.8 and use no step size control
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LOGISTIC REGRESSION (GD VARIANTS RECAP)

Recall comparison of GD variants on log. reg. in last chapter:

08 08 \__\
2 o0
>
06 06 2
2 2 s
o S 5 25
c 04 = 04 c
s 8 S
= | = T
0.2 L | N
02 g 50
|- 2
o
0.0 0.0
0 4000 8000 12000 16000 20000 0 4000 8000 12000 16000 20000 o 4000 8000 12000 16000 2000C
Iterations Iterations Iterations
Method GD ——— GD+decay GD+mom GD+mom+decay
GD+mom GD+decay GD+mom+decay

Coefficient value

] 6 8-rF
0 5000 10000 15000 20000 0 5000 10000 15000 20000 0 5000 10000 15000 20000 0 5000 10000 15000 20000
Iteration Iteration Iteration Iteration

Dotted lines indicate global minimizers.

GD+momentum was fastest = now compare w/ Newton-Raphson.
NB: GD+momentum only converges after several thousand steps
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LOGISTIC REGRESSION (GD VS. NR)
Let’s run GD vs. NR for 1000 steps (independent features):

08 08
S oo ‘
=)
06 06 2
8 g g
T 04 = o4 2
© | 3 S 50
= = | T
02 N
\ 0z | E s
3
(o]
0o 0.0 -10.0
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Iterations Iterations Iterations
Method GD+mom Newton-Raphson Newton-Raphson+step size
Newton-Raphson Newton-Raphson+step size GD+mom
6 T
o T
K 3.1
s
£ 1 -1
Q2 0 0
2
£
8 3
o
6" 6" -
0 250 500 1000 0 250 500 750 1000 0 500 750 1000
Iteration Iteration Iteration

Dotted lines indicate global minimizers.
NR and relaxed NR = almost instantaneous convergence (see
optimization error). Using o < 1 slightly slows down relaxed NR.
GD+mom several orders of magnitude slower than NR.
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LOGISTIC REGRESSION (GD VS. NR)

Let’s run the same configuration only for 50 steps to see clearer picture:

0.8 08
=
=)
06 06 2
2 s
c 04 = o4 c
[ 3 2
= = Kl
N
0.2 02 E
s
o
0.0 0.0 »
o 10 20 30 40 50 o 10 20 30 40 50 o 10 20 30
Iterations Iterations Iterations
Method GD+mom Newt aphson Newt aphson+step size

Newton-Raphson Newton-Raphson+step size GD+mom

Coefficient value

20 %0 4 5 o 10 2 3
Iteration Iteration Iteration

Dotted lines indicate global minimizers.

40 50

NR takes =~ 10 steps to reach same optimization error as GD+mom
after 20, 000 steps! Relaxed NR with o < 1 shows no advantage here.
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RUNTIME COMPARISON (INDEP.) .. ..

Clearly, NR makes more progress than GD per iteration. OTOH Newton steps x
are much more expensive than GD updates

= How do NR and GD compare wrt runtime instead of iterations (50 steps)? x

Training loss Parameter optimization error

NNy 5ty X X

o
o

% Pued b o kAl |
@ = 25
k 5 dd WU ogvhen, Qo d o 1l
EM s Thn wot core W e maul u—\( L
o\ e - vtine ol
£ % \\‘ 50 C‘(‘w‘L‘ i TL\}’ o Lw L"l—\e/ ya \Wh ¢ ey,
02 o 75 R “_7’1«6.;\‘)5,_‘_,-(- (OF A .
-10.0
0.0 0.1 0.2 0.3 0.0 0.1 0.2 0.3
Seconds Seconds
method GD+mom — Newton-Raphson — Newton-Raphson+step size
Observations: A

Hpun 14 cgar™

1. NR steps are indeed slower than GD steps (= 3x here) ta S
2. But each step NR step is so much better than GD (~ 2000 x) that

per-iteration runtime advantage of GD becomes irrelevant

1m‘>1.ovew'«'{

M'\agt ownsge
"Q Q0‘>S, Q.,\‘e vw«Q iolsh‘t Knd\y,

Lon sume
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LOGISTIC REGRESSION (CORR.)

In case of correlated features the results are very similar:

0.8 0.8
g o
=)
0.6 g
06 =
] 8 g
<] <1 £ 5
o S 5]
c 04 bol p
© \ 8 S
= = ®
o4 g
02 k E -10
T a
(o]
0.0 0.2
0 10 20 30 40 50 0 10 2 30 40 50 0 10 20 30 40 50
Iterations Iterations Iterations
Method GD+mom Newton-Raphson Newton-Raphson+step size

Newton-Raphson

Newton-Raphson+step size GD+mom
5022 -

Coefficient value

0 20 3 40 50 3 w0 s 0 10 20 30 4 50
Iteration Iteration Iteration

Dotted lines indicate global minimizers.

It can be noted that NR’s performance is unaffected by feature
correlation while GD iterates become “warped” compared to before
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RUNTIME COMPARISON (CORR.)

Previous conclusions on runtime comparison for independent features
carry over to correlated feature case:

Training loss Parameter optimization error
0.7 -
0
S
0.6 ®
o
3 e
o S
2os 2
£ S
e 3
= N
15
04 2 -10
\ °
0.3 T
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
Seconds Seconds
method GD+mom — Newton-Raphson Newton-Raphson+step size

Observations:
1. NR steps are indeed slower than GD steps (=~ 4 x here)
2. Overall NR is strongly superior to GD wrt optim error and speed
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Optimization in Machine Learning O 0O X

Second order methods
Fisher Scoring X X

Learning goals
@ Fisher Scoring
@ Newton-Raphson vs. Fisher scoring
@ Logistic regression




RECAP OF NEWTON’S METHOD

Second-order Taylor expansion of log-likelihood around the current
iterate 0(1):

00) ~ E(e(ﬂ)+W(0(f>)T(9—0(f>)+%(9—0(0)T[vze(em)](e—e(f))
We then differentiate w.r.t. @ and set the gradient to zero:
v(00) + [v2e(0M)) (6 — 00y =0
Solving for 8(!) yields the pure Newton-Raphson update:
O+ = ) 1 [—v20(8)] 7T ve(0D)
Potential stability issue: pure Newton-Raphson updates do not \ML 7

always converge. Its quadratic convergence rate is “local” in the sense
that it requires starting close to a solution.

Optimization in Machine Learning — 1/ 11

X X



FISHER SCORING

Fisher’s scoring method replaces the negative observed Hessian X
—V2((0) by the Fisher information matrix, i.e., the variance of V£(8),

which, under weak regularity conditions, equals the negative expected x
lHe%siag e
cin L SR E[Ve(0)ve(6)T] = E[-V2¢(0
&:‘en:zzl:\:ﬁw‘:qu“{’un: s "\‘“‘S\ \A-e[ (Ah( 2 -‘n‘fh )u,.'.]'fb ’ep <[-JV ( )], x x

and is positive semi-definite under exchangeability of expectation and

dl Ielel Itla“o' . E_‘,P oV C“" V“L ‘l 4
Q < p? Q.‘ ('Pﬂ\ lﬂu{
;

Therefore the Fisher scoring iterates are given by
6+ — 60 + B-v2(0) " ve(0) ™ "1 p( " | @,r>
Ejvpgg V(éf) e}( gl
9 -
SV@ 7, o ?l5 19 \ P 3 :
- (4,10
RICE ey 131°

4
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NEWTON-RAPHSON VS. FISHER SCORING

Aspect

Newton-Raphson

Fisher scoring

Second-order
Matrix

Exact negative
Hessian matrix

Fisher information matrix

Curvature

Exact

Approximated

Computational
Cost

Higher

Lower (often has a
simpler structure)

Convergence Fast but pote tlaIIy Slower but more stable
unstable d °“‘ ‘D o “‘

Positive Not guaranteed Yes with [ b

Definite Fisher information 6 #si¢

Use Case General non-linear Likelihood-based models,

optimization

especially GLMs

In many cases Newton-Raphson and Fisher scoring are equivalent (see

below).

o_eol—\
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LOGISTIC REGRESSION

The goal of logistic regression is to predict a binary event. Given n

observations (x(), y(0) € RP+' x {0,1}, y()|x) ~ Bernoulli(x(").

We want to minimize the following risk

n
Remp(O) = — Zy(l) |Og(7T(’)) + (1 _ y(l) IOg(1 _ 7T(I))>

with respect to 8, where the probabilistic classifier

70 =7 (x() | §) = s (f (x) | @)), the sigmoid function

s(f) = m and the score f (x() | 8) = 0 x.

NB: Note that %s(f) = s(f)(1 — s(f)) and ( |9) ( )

For more details we refer to the i2ml lecture.
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https://slds-lmu.github.io/i2ml/chapters/11_advriskmin/

LOGISTIC REGRESSION

Partial derivative of empirical risk using chain rule:

or()

70) + (1 = y0) log(1 — ) T2

0
e
- () os(f (x| @)) of (x| 9)
__Z( ) 1—7r(’)> of (x() | 6) 00
1 T
=N (20— ) (x
$° (0 -40) ()

= (n(X| 6) —y) " X

where X = (x(‘)T, . ,x(”)T)T € RM(pH1) y = (y(1), . ,y(”))T,
w(X] 8) = (71'(1), e ,w(”))T e R".
vG/Rfemp = (3@97€emp)—r
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LOGISTIC REGRESSION

The Hessian of logistic regression: x

V§Rem = 608:60 ™= 5T Z( 4 (i)) (x(i))T

_ Z x0) (ﬁ(i) (1 _ 7T(f))) (x(:’)) !

= X"DX

X X

where D € R™" is a diagonal matrix containing the variances of y() on the

diagonals Eg € er™
oes w - Tty
D = diag (71'(1)(1 —xM),.. (1 —77("))) . \sj 'é

kewe 00 He e
‘H\e Conl

@“ﬂj R e}“‘“"m 1o mh@

TL'\+ \ml\a wnd ;‘w‘\( \.,.p-.'l!a .,‘ch
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LOGISTIC REGRESSION

We now have
VoRemp = X" (W(X’ 9) - y)

Newton-Raphson:
9(H‘1) — G(t) — [XTDX]_1Vg(t)Remp
Fisher scoring:

0(””) = O(t) — E[XTDX]71VQ(1)Remp
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GENERALIZED LINEAR MODELS

y|x = x belongs to an exponential family with density:

p(y15, 8) = exp{w oy, ¢)} 7

where 4 is the natural parameter and ¢ > 0 is the dispersion parameter.
We often take a;(¢) = % where ¢ is a positive constant, and w; is the
weight.

Generalized linear models (GLMs) relate the conditional mean
wu(x) = E[y|x] of Y to a linear predictor 7 via a strictly increasing link
function g(p) = n = x'40.

Notice that mean 1 = b/(8) = g~ '(n), variance Var(Y|x) = a(¢)b”(9),

ob(d)  0b(d) 96 O on 1 1

89 96 oponae o) g)”
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GENERALIZED LINEAR MODELS

We can estimate d using MLE with sample (x(), y()fori=1,... n.

Take a(’)(qb) = % ¢ is a positive constant, we could ignore it since the

goal is to maximize the function:
n wi(y) — )
Veo(5,0) = S MV~ 1)
0.9 = 2 51y
_ ¢ W(i)(y(/)—M(i))g'(ﬂ(i))x(/)
—~ V') (W)
= X"WG(Y — p)

. . - w()
W is a diagonal matrix with element V) GME

G is a diagonal matrix with element g/(()).
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GENERALIZED LINEAR MODELS

n W) - Eq- fv &
S xx0) ,
2 b (D) g ()2 ¢ 534)

O = )G (1)) g (1) i )T
- b (0)[g' ()2

+imww_WMNM(HWWMwN

_v2€0(57 d)) =

i [b"(9)Plg’ (1D)]*
AT
E[-V2£4(5, 9)] ——xx() " = xTwx
; [g u(’ )2
. . . . w(®
lteratively Reweighted Least Squares (IRLS) with weights 7 7w OICITAIE
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GENERALIZED LINEAR MODELS

Fisher scoring:

0+ = ) 1 (XTWX) " 'XTWG(Y — p)
Wiod o L8 = XTWX) X'w (G(Y— ) +X9(t))
novmed et
(O[_S) 0< X\ X % '(‘t{ $Pa(¢ 02 33(4‘0:* Fner

\ puoiee whely 4hi)
For canonical link where 1 = g(11) = x ', the second and third term of

Hessian vanishes and Hessian coincides with Fisher information matrix.

This will now be a convex problem with Fisher scoring equal to
Newton’s method. There are also hybrid algorithms that start out with

IRLS which is easier to initialize, and switch over to Newton-Raphson
after some iterations.
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