Optimization Prerequisites



HESSIAN MATRIX

For real-valued function f : S — R, the Hessian matrix H : § — RIxd

contains all their second derivatives (if they exist):
\w

o (5)
i ij=1,...,

Note: Hessian of f is Jacobian of Vf

—_— — Xk ? Y~ X7
Example: Let f(x) = sin(x1) - cos(2x2). Then:
W

H(x) ( — cos(2x2 -sin(xq) M@))

@ If f € C?, then H is symmetric
eV

@ Many local properties (geometry, convexity, critical points) are
encoded by the Hessian and its spectrum (— later)

Optimization in Machine Learning — 10/ 13



LOCAL CURVATURE BY HESSIAN

Eigenvector corresponding to largest (resp. smallest) eigenvalue o
Hessian points in direction of largest (resp. smallest) curvature
~—

Example (previous slide): Fora = (—7/2,0 T{@
a

and thus Ay =4, ),‘ﬁé vy = O 1) and =(1,0)". @
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https://www.desmos.com/3d


https://www.desmos.com/3d

Optimization in Machine Learning

Mathematical Concepts:
Quadratic forms |

Learning goals
@ Definition of quadratic forms
@ Gradient, Hessian
@ Optima




UNIVARIATE QUADRATIC FUNCTIONS

Consider a quadratic functiong: R — R
gx)=a x*+b-x+c, a#o0.

4 0
3 1
>2 >2

1 3

0 4
2 1 0 1 2 2 1 0 1 2
X

A quadratic function g;(x) = x2 (left) and go(x) = —x? (right).
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UNIVARIATE QUADRATIC FUNCTIONS

Basic properties:
@ Slope of tangent at point (x, g(x)) is givenby ¢'(x) =2-a-x+ b

— .

@ Curvature of gis given by ¢’ (x) =2 - a.

g1 = x* (orange), gz = 2x? (green), gs(x) = —x° (blue), gs = —3x* (magenta)
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UNIVARIATE QUADRATIC FUNCTIONS

@ Convexity/Concavity:
e a > 0: g convex, bounded from below, unique global minimum

e a < 0: g concave, bounded from above, unique global maximum
="

@ Optimum x*:

dx)=0 & 2ax*+b=0 &
e

2 -1 0 1 2 -2 1 0 1 2
X X

Left: g;(x) = x2 (convex). Right: g»(x) = —x?2 (concave).
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MULTIVARIATE QUADRATIC FUNCTIONS
L
A quadratic function g : R — R has the following form: 9_)( /@ Y ¢ %

q(x) =x"Ax+b'x+ ¢ T
with A € R9*9 full-rank matrix, b € R?, ¢ € R. X/\ X
/]K#h&y\ }.,,\//'Q,’q’(7

N
%
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MULTIVARIATE QUADRATIC FUNCTIONS

- . T — T
W.l.o.g., assume A symmetric, |.%u R=B O. N
If A not symmetric, there is always a symmetric matrix A s_l‘ Q <0

x) = x"Ax = x"Ax = g(x). A

/ 8 2 a
Justification: We write . : ] :
q(x) = x” Ax
_ —_

with A; symmetric, A, anti-symmetric (i.e., AT = —A,). Since x’A"x is
a scalar, it is equal to its transpose:

X ¢ x (A—AT)x=x"Ax —x"ATx = x"Ax — (xTAIx)—fr
k 5. ~—
= x"Ax — x"Ax :@
——— %

Therefore, g(x) = g(x) with §(x) = x” Ax with EN = A, /2]

_—

Optimization in Machine Learning — 5/8



GRADIENT AND HESSIAN A~ flan

X' 'PafT
@ The gradient of g is A\( g v &/Q

Vg(x) = (AT +A)x+b=2Ax+becR’
Derivative in direction v € R is (by chain rule) 3

o\ D
h.

M =Vag(x + hV)TV = Vq(x)Tl, o

dh h=0 h=0
@ The Hessian of g is D A
V2q(x) = (A7 + A) =2A =: H e R%?
(Wf v € R is (by chain rule)

d?q(x + h- v) e ;

—_— = v V2q(x + hv)v = v'Hv.
dh? h=0

h_;A H)
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OPTIMUM

Since A has full rank, there exists a unique stationary point x*
(minimum, maximum, or saddle point): A

Va(x') =0
2AX* + b =0 20, -4

4

2 &

local min

;7/,::0"

SSPTIT
/ (AT
G S K
Ul

Left: A positive definite. Middle: A negative definite. Right: A indefinite.
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OPTIMA: RANK-DEFICIENT CASE

Example: Assume A is not full rank but has a zero eigenvalue with eigenvector vp.
@ Recall: v spans null space of A, i.e., A(avy) = 0foreach o € R
@ — A(x+ aw) = Ax
@ Since Vg(x) = 2Ax + b:

Va(x + avy) = 2A(x + avy) + b = 2Ax + b = Vq(x)

@ —> g has infinitely many stationary points along line x* + avo

@ Since H = 2A, kind of stationary point not changing along vo
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Optimization in Machine Learning

Mathematical Concepts
Quadratic forms Il

Learning goals
@ Geometry of quadratic forms
@ Spectrum of Hessian




PROPERTIES OF QUADRATIC FUNCTIONS

Recall: Quadratic form q
@ Univariate: g(x) = ax®> 4+ bx + ¢
@ Multivariate: g(x) = x"Ax + b'x + ¢

—_—

General observation: If g > 0 (g < 0), g is convex (concave)
AN

Univariate function: Second derivative is q”(x) = 2a

ey ) , NG ,
@ q’(x) > 0: g (strictly) convex. g”(x) < 0: g (strictly) concave.
@ High (low) absolute values of q”(x): high (low) curvature

Multivariate function: Second derivative (4 z =2A\

@ Convexity/concavity of g depend on eigenvalues of H
e A =
@ Let us look at an example of the form g(x) = x Ax



GEOMETRY OF QUADRATIC FUNCTIONS

—
Example'i_1) = H= 2A
~d -1 2 -

@ Since H symmetric, WOn H V/\VT with
| 1
V= Vr'r|1ax '/s| | = 7 _1 1 orthogonal




GEOMETRY OF QUADRATIC FUNCTIONS

@ Vnax (Vinin) direction of highest (lowest) curvature

Proof: With v = V'x: ., )
x"Hx = x"VAV X = vT AV = > A2 < A D v = AV

i=1 i=1

Since ||v|| = ||x]| (V orthogonal): max;x—1 X" HX < Amax
Additional: Vinax” HVimax = €7 A€ = Amax
Analogous: minjjx—1 X" Hx > .. and Vi "Hv,, =

@ Contour lines of any quadratic form are ellipses
(with eigenvectors of A as principal axes, principal axis theorem)

Look at g(x) = x” Ax + b"x + ¢

Nowusey =x—w=x+ 1A 'b

This already gives us the general form of an ellipse:

y Ay = (x — w)"A(x — w) = q(x) + const

If we use z = V' y we obtain it in standard form

n

S ANz2=2"Az=y"VAVTy = y" Ay = q(x) + const

i=1



GEOMETRY OF QUADRATIC FUNCTIONS

Recall: Second order condition for optimality is sufficient.

We skipped the proof at first, but can now catch up on it.
If H(x™) > 0 at stationary point x*, then x* is local minimum (< for maximum).

Proof: Let > 0 denote the smallest eigenvalue of H(x™). Then:
* * * 1 * * * *
f(x) = F(X*) + VA(X") T(x — x*) + = (x = x*)TH(X*)(x — x*) + Ra(x,X) .
N—— 2 N—_——

=0 > [[x—x* ||2 (see above) =o(||x—x*|2)

Choose € > 0 s.t. |Ra(X,X*)| < 30 [|x — x*||? for each x # x* with [|x — x*|| < e.

Then:

1 * * * * . *
f(x) > f(x*)+§ X — x*[|? + Ra(x,x*) > f(x*) for each x # x* with ||x — x*|| < e.

>0



GEOMETRY OF QUADRATIC FUNCTIONS

If spectrum of A is known, also that of H = 2A is known.

S O

. (>) =)
@ If all eigenvaluesof H > 0 (< H = 0):

e q (strictly) convex,
e there is a (unique) global minimum./

e g (strictly) concave,

(<) (<)
@ Ifall eigenvaluesof H < 0 (& H < 0): K_/

e there is a (unique) global maximumy
(<H

@ If H has both positive and negative eigenvalues indefinite): /
e g neither convex nor concave,

e there is a saddle point. e 9ES ?‘ P g@

local min local max saddle point (‘l/ g VS
A ’
D




CONDITION AND CURVATURE
Condition of H = 2Ais given by k(H) = k(A) = | Amax|/|\min]-

(7/1_
Ve el
High condition means: f

° |/\max| > |/\min|
@ Curvature along vyhax > curvature along v,
@ Problem for optimization algorithms like gradlent descent (later)

Left: Excellent condition. Middle: Good condition. Right: Bad condition.




APPROXIMATION OF SMOOTH FUNCTIONS

Any function f\e_g2 can be locally approximated by a quadratic function
via second order Taylor approximation:

1(x) ~ TR X) + %(x TR R

i

) N
I X
,I"%Q X

GOSN
RO

f and its second order approximation is shown by the dark and bright grid, respectively.
(Source: daniloroccatano.blog)

— Hessians provide information about local geometry of a function.



https://www.geogebra.org/m/M2P4KsRe
See common_functions.ipynb


https://www.geogebra.org/m/M2P4KsRe

FIRST ORDER CONDITION

Prove convexity via gradient:

Let f be differentiable.

f (strictly) convex

—

f(y) (2) f(x) + Vf(ij(y —x)forallx,y € S (st. x #y)
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SECOND ORDER CONDITION WA~

(=)
Matrix A is positive (semi)definite (p.(s.)d.) if vIAv > 0forall v # 0.

?
(}) 0

. (=) =
Notation: A > Ofor Ap.(s.)d.and B >~ AifB—A

Prove convexity via Hessian: _‘I'[;]\ 5 %

Let f € C? and H(x) be its Hessian.

A (=)
f (strictly) convex <= H(x) = Oforallx € S

Alternatively: Since H(x) symmetric for f € C2:

H(x) = 0 < all eigenvalues of H(x) > 0

Optimization in Machine Learning — 6/9



SECOND ORDER CONDITION

<
ol
I
>
Q)

>
ol
I
<
ol

X — 2x1x2, VF(X)

2
1

= X

Example: f(x)

f is convex since H(x) is p.s.d. for all x € S:

= (V1 — V2)2 2 0.

2
2

2

*2V1 —+ 2V2
—4vivo + 2

2
f

2V,
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FIRST ORDER CONDITION FOR OPTIMALITY

First order condition: Gradient of f at local optimum x* € S is zero:

Points with zero first order derivative are called@

Condition is Went: Not all st}tlg@y points are w.

glw) glw) glw)

u

8 8 o H M

o 2 2 o H - o

Left: Four points fulfill the necessary condition and are indeed optima.
Middle: One point fulfills the necessary condition but is not a local optimum.
Right: Multiple local minima and maxima.

(Source: Watt, 2020, Machine Learning Refined)
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SECOND ORDER CONDITION FOR OPTIMALITY

Second order condition: Hessian of f € C? at stationary point x* € S
. g . P %
is positive or negative definite:

H(x*)/> 0 or H(x*) < 0

Interpretation: Curvature of f at local optimum is either positive in all
directions or negative in all directions.

The second order condition is sufficient for a stationary point.

W/ Seo

%7}
- ~ {(;,._Kz} Q/
P )0 ) TS

Proof: Later.
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CONDITIONS FOR OPTIMALITY AND CONVEXITY

Letf: S — R be convex. Then:
@ Any local minimum is also global minimum
- —

@ If f strictly convex, f has at most one local minimum which would
——— s
also be unique global minimum on S
—_—_N———

level

W oo
B 0.«
B .60
B .50
B 0.100
B oo 120
B 420,140
B o160
[ 460,180
(180, 200]
(200, 220]
(220, 240)

X2
3

50 25 00 25 50 50 25 00 25 50

50 25 00 25 50
X1 X1

Three quadratic forms. Left: H(x™) has two positive eigenvalues. Middle: H(x*) has
positive and negative eigenvalue. Right: H(x*) has positive and a zero eigenvalue.
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CONDITIONS FOR OPTIMALITY AND CONVEXITY

Example: Branin function

Spectra of Hessians (numerically computed): -

25%%
27

\
N
\

o)
0:96

Left 22.29
Middle | 11.07 | 1.73
Right | 11.33 | 1.69
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CONDITIONS FOR OPTIMALITY AND CONVEXITY

Definition: Saddle point at x
@ Xx stationary (necessary)

@ H(x) indefinite, i.e., positive and negative eigenvalues (sufficient)

Maximum

Minimum

7
i
i
Ay
iy

gy
il
m,,"’:','l

I}
!

it
J
Wi

Saddle point
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