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Preliminaries

Recall the set operations:

Union AU B:
All elements that belong to A or B
or both

AUB

Intersection AN B:
All elements that belong to both A
and B

ANB

Complement A<:
All elements that do not belong to A

AC
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Motivation

@ How likely is it that it will rain tomorrow?
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@ What is the probability of getting heads when tossing a coin?

o If we roll two dice, what is the probability that their sum will be equal
to 77

Aprikyan, Tarkhanyan Lecture 9 3/37



Motivation

@ How likely is it that it will rain tomorrow?

@ What is the probability of getting heads when tossing a coin?

o If we roll two dice, what is the probability that their sum will be equal
to 77

@ If you play chess with Levon Aronian, what is the probability that you
will win? )
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Motivation

@ How likely is it that it will rain tomorrow?

@ What is the probability of getting heads when tossing a coin?

o If we roll two dice, what is the probability that their sum will be equal
to 77

@ If you play chess with Levon Aronian, what is the probability that you
will win? )

Questions like these might not have precise answers — as long as you
haven't rolled the dice or tossed the coin yet, the actual outcomes are
unknown.

But even though we cannot know the exact outcomes in advance, we can
still try to estimate their probabilities, i.e. how likely different outcomes
are to happen.
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Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads? \
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Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads? \

Since the coin is fair, both are equally likely to show up — so it's 50/50.
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Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads? \

Since the coin is fair, both are equally likely to show up — so it's 50/50.
Mathematically, we write this fact as:

P[Heads]| = 50%
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Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads? \

Since the coin is fair, both are equally likely to show up — so it's 50/50.
Mathematically, we write this fact as:

P[Heads]| = 50%

Usually we write a probability as a number between 0 and 1, so instead of
50%, we write:

P[Heads] = 0.5
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Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads? \

Since the coin is fair, both are equally likely to show up — so it's 50/50.
Mathematically, we write this fact as:

P[Heads]| = 50%

Usually we write a probability as a number between 0 and 1, so instead of

50%, we write:

1
P[Heads] = 0.5 = 5
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Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads?

Since the coin is fair, both are equally likely to show up — so it's 50/50.
Mathematically, we write this fact as:

P[Heads]| = 50%

Usually we write a probability as a number between 0 and 1, so instead of
50%, we write:

1
P[Heads] = 0.5 = 5

and similarly, P[Tails] = 0.5. Probability is always between 0 and 1.
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Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads?

Since the coin is fair, both are equally likely to show up — so it's 50/50.
Mathematically, we write this fact as:

P[Heads]| = 50%

Usually we write a probability as a number between 0 and 1, so instead of

50%, we write: .
P[Heads] = 0.5 = 5

and similarly, P[Tails] = 0.5. Probability is always between 0 and 1.
The two possibilities (Heads and Tails) are called outcomes and the set of
all outcomes is called sample space:

Q = {Heads, Tails}

Aprikyan, Tarkhanyan Lecture 9 4/37



Suppose we toss a fair coin, i.e. it's not biased toward heads or tails.

What is the probability of getting heads?

Since the coin is fair, both are equally likely to show up — so it's 50/50.
Mathematically, we write this fact as:

P[Heads]| = 50%

Usually we write a probability as a number between 0 and 1, so instead of

50%, we write: .
P[Heads] = 0.5 = 5

and similarly, P[Tails] = 0.5. Probability is always between 0 and 1.
The two possibilities (Heads and Tails) are called outcomes and the set of
all outcomes is called sample space:

Q = {Heads, Tails} = {H, T}
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Motivation

Example

Suppose we roll a fair die.

@ The sample space is:

Aprikyan, Tarkhanyan Lecture 9 5/37



Motivation

Example

Suppose we roll a fair die.

@ The sample space is:

Aprikyan, Tarkhanyan Lecture 9 5/37



Motivation

Suppose we roll a fair die.

@ The sample space is:
Q = {1’2’ 3’47 5? 6}

@ The probability of each outcome is:
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Motivation

Suppose we roll a fair die.

@ The sample space is:
Q = {1’2’ 3’47 5? 6}

@ The probability of each outcome is:

Pl1] = P[2] = P[3] = P[4] = P5] = Pl6] = ¢

v

What is the probability that the outcome is even?

Aprikyan, Tarkhanyan Lecture 9 5/37




Motivation

Suppose we roll a fair die.

@ The sample space is:
Q = {1’2’ 3’47 5? 6}

@ The probability of each outcome is:

Pl1] = P[2] = P[3] = P[4] = P5] = Pl6] = ¢

v

What is the probability that the outcome is even?

First, we should figure out how to mathematically represent the question.
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We bring together all the even numbers from the sample space:
{2,4,6}

and represent them as the set.

Aprikyan, Tarkhanyan Lecture 9 6/37



We bring together all the even numbers from the sample space:
{2,4,6}
and represent them as the set. Now instead of asking,
Ploutcome is even] = ?

we can ask,

Ploutcome is one of the elements of the set {2,4,6}] = 7
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We bring together all the even numbers from the sample space:
{2,4,6}
and represent them as the set. Now instead of asking,
Ploutcome is even] = ?
we can ask,
Ploutcome is one of the elements of the set {2,4,6}] = 7

or even shorter,
P[{2,4,6}] =7
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We bring together all the even numbers from the sample space:
{2,4,6}
and represent them as the set. Now instead of asking,
Ploutcome is even] = ?
we can ask,
Ploutcome is one of the elements of the set {2,4,6}] = 7

or even shorter,
P[{2,4,6}] =7
which is equal to

P[{2,4,6}] = P[2] + P[4] + P[6] = g _ %
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We bring together all the even numbers from the sample space:
{2,4,6}
and represent them as the set. Now instead of asking,
Ploutcome is even] = ?
we can ask,
Ploutcome is one of the elements of the set {2,4,6}] = 7

or even shorter,
P[{2,4,6}] =7
which is equal to

P[{2,4,6}] = P[2] + P[4] + P[6] = g _ %

Question
What is the probability that the outcome is odd?
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In order to ask whether one of a set of outcomes will happen, we group
those outcomes into a set which is called an event.
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In order to ask whether one of a set of outcomes will happen, we group
those outcomes into a set which is called an event.

In the previous example, the event of getting an even number is the set:

A={2,4,6}
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those outcomes into a set which is called an event.
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The event of getting an odd number is then the complement of A:
A¢ ={1,3,5}
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In order to ask whether one of a set of outcomes will happen, we group
those outcomes into a set which is called an event.

In the previous example, the event of getting an even number is the set:

A={2,4,6}
The event of getting an odd number is then the complement of A:
A¢ ={1,3,5}

@ How do you denote the probability that the outcome is less than 47
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A={2,4,6}
The event of getting an odd number is then the complement of A:
A¢ ={1,3,5}

@ How do you denote the probability that the outcome is less than 47

@ How do you denote the probability that the outcome is less than 4
and also even?

Aprikyan, Tarkhanyan Lecture 9 7/37



In order to ask whether one of a set of outcomes will happen, we group
those outcomes into a set which is called an event.

In the previous example, the event of getting an even number is the set:
A={2,4,6}
The event of getting an odd number is then the complement of A:

A° = {1,3,5}

@ How do you denote the probability that the outcome is less than 47

@ How do you denote the probability that the outcome is less than 4
and also even?

@ How do you denote the probability that the outcome is less than 4 or
even?

v
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Playing chess with Levon Aronian is a random experiment, where:

@ Outcome is the result of the game.
@ Possible outcomes are: Win, Lose, and Draw.
@ The sample space is:
Q = {Win, Lose, Draw} = {W, L, D}

@ But the probabilities of these outcomes are not equal :)

A football match is a random experiment, where:
@ Outcome is the score of the game.

@ For example, one possible outcome is " Pyunik 2 - 1 Alashkert”. One
way to denote it is (2,1), so:

Q ={(0,0);(0,1);(1,0);(1,1);(2,0); ...}
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We denote the set of all events by F and call it the event space.
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https://www.youtube.com/watch?v=ZA4JkHKZM50

Examples

We denote the set of all events by F and call it the event space.

A student waits for the bus in the station. How much will she wait?

@ Outcome is the time until the bus arrives.

@ Practically, it can be any positive value, perhaps under 60 minutes.
E.g. 2.3497 minutes is a possible outcome.

@ The sample space is:

Q = [0, 60]
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https://www.youtube.com/watch?v=ZA4JkHKZM50

We denote the set of all events by F and call it the event space.

A student waits for the bus in the station. How much will she wait?

@ Outcome is the time until the bus arrives.

@ Practically, it can be any positive value, perhaps under 60 minutes.
E.g. 2.3497 minutes is a possible outcome.

@ The sample space is:
Q = [0,60]

What is the probability that the bus arrives at 20.230911 minutes?

Aprikyan, Tarkhanyan Lecture 9 9/37


https://www.youtube.com/watch?v=ZA4JkHKZM50

We denote the set of all events by F and call it the event space.

A student waits for the bus in the station. How much will she wait?

@ Outcome is the time until the bus arrives.

@ Practically, it can be any positive value, perhaps under 60 minutes.
E.g. 2.3497 minutes is a possible outcome.

@ The sample space is:
Q = [0,60]

What is the probability that the bus arrives at 20.230911 minutes?
How about exactly 20.000000001 minutes?
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We denote the set of all events by F and call it the event space.

A student waits for the bus in the station. How much will she wait?

@ Outcome is the time until the bus arrives.

@ Practically, it can be any positive value, perhaps under 60 minutes.
E.g. 2.3497 minutes is a possible outcome.

@ The sample space is:
Q = [0,60]

What is the probability that the bus arrives at 20.230911 minutes?
How about exactly 20.000000001 minutes? The probability is zero.
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https://www.youtube.com/watch?v=ZA4JkHKZM50

We denote the set of all events by F and call it the event space.

A student waits for the bus in the station. How much will she wait?

@ Outcome is the time until the bus arrives.

@ Practically, it can be any positive value, perhaps under 60 minutes.
E.g. 2.3497 minutes is a possible outcome.

@ The sample space is:
Q = [0,60]

A\

What is the probability that the bus arrives at 20.230911 minutes?
How about exactly 20.000000001 minutes? The probability is zero.

A\

Whenever Q is an interval (e.g. (0,1),[1,10],[0,40c)), the probability of
each outcome is 0.

of course, this does not mean that they are impossible — watch this!
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Events

In some situations, not all subsets of Q are of interest to us.
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In some situations, not all subsets of Q are of interest to us.

Suppose €2 is the set of all people in the world.
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Events

In some situations, not all subsets of Q are of interest to us.

Suppose 2 is the set of all people in the world. We know that if we take a
random person out of all, the probability of them speaking Armenian is
about 1.5%.
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Events

In some situations, not all subsets of Q are of interest to us.

Suppose 2 is the set of all people in the world. We know that if we take a
random person out of all, the probability of them speaking Armenian is
about 1.5%. But it doesn't tell us anything about the probability of them
speaking a specific dialect of Armenian, e.g. Gyumri or Askeran dialect.
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In some situations, not all subsets of Q are of interest to us.

Suppose € is the set of all people in the world. We know that if we take a
random person out of all, the probability of them speaking Armenian is
about 1.5%. But it doesn't tell us anything about the probability of them
speaking a specific dialect of Armenian, e.g. Gyumri or Askeran dialect.

So in this case, we can define our event space F to only include the set of
all Armenian speakers, and its complement (non-Armenian speakers).

Example

In another experiment (e.g. when playing backgammon) we may be
interested in the event of our number being 2 or not. In that case, we will
consider the following event space:

F=1{2,{2},{1,3,4,5,6},Q}
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Definition

Two events A and B of the same experiment are called disjoint or
mutually exclusive if AN B = &.

In other words, events are disjoint if they cannot occur at the same time.
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Definition
Two events A and B of the same experiment are called disjoint or
mutually exclusive if AN B = &.

In other words, events are disjoint if they cannot occur at the same time.

When rolling a die, the events A = {1,4} and B = {2,5} are disjoint,
while A and C = {3,4,5} are not.

When waiting for a bus, the events A = [0,20] and B = [30,40] are
disjoint, but none of them is disjoint with C = [10, 40].
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Probability

How can we measure the possibilities of different events?
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Probability
How can we measure the possibilities of different events? \

It depends on the problem /experiment itself.

Aprikyan, Tarkhanyan Lecture 9 12 /37



Probability
How can we measure the possibilities of different events? \

It depends on the problem /experiment itself.

Suppose you roll a fair die. Since each of the outcomes has the same
likelihood as the others, you would expect the probability of rolling, say, 3

1
to be equal to 6:

Pl3) = 2
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Probability
How can we measure the possibilities of different events? \

It depends on the problem /experiment itself.

Suppose you roll a fair die. Since each of the outcomes has the same
likelihood as the others, you would expect the probability of rolling, say, 3

1
to be equal to 6:

1
P[3] = -
8=
Similarly, each of the outcomes {1,2,3,4,5,6} also has the probability
1
IP’[l]:IP’[Q]:...:[P’[6]:6

of showing up.
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Probability
How can we measure the possibilities of different events?

It depends on the problem /experiment itself.

Suppose you roll a fair die. Since each of the outcomes has the same
likelihood as the others, you would expect the probability of rolling, say, 3

1
to be equal to 6:

1
P[3] = -
8=
Similarly, each of the outcomes {1,2,3,4,5,6} also has the probability
1
IP’[l]:IP’[Q]:...:[P’[6]:6

of showing up.

Experiments like this (where all outcomes have the same probability of
occuring) are called equiprobable.
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Probability

The probability of an event, for example, A= {3,5,6}, will be
P[A] =
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Probability

The probability of an event, for example, A= {3,5,6}, will be

PlA] =2 =2

2
since A has 3 elements and the total number of outcomes is 6.

In equiprobable case, the probability of any event A € F is:

number of elements in A |A|
P[A] = =
total number of outcomes  |Q]
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Probability

The probability of an event, for example, A= {3,5,6}, will be
3 1

PAI=5=3

since A has 3 elements and the total number of outcomes is 6.

In equiprobable case, the probability of any event A € F is:

PlA] =

~ total number of outcomes Q|

number of elements in A |A|

Example

Now we roll two fair dice. Our sample space will be
Q={(xy)|1<xy<6}.

Assuming that all of 36 outcomes are equally likely to show up, the
probability of each (x,y) outcome is:
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Probability

The probability of an event, for example, A= {3,5,6}, will be
3 1

PAI=5=3

since A has 3 elements and the total number of outcomes is 6.

In equiprobable case, the probability of any event A € F is:

PlA] =

~ total number of outcomes Q|

number of elements in A |A|

Example

Now we roll two fair dice. Our sample space will be
Q={(x,y) | 1< xy <6}

Assuming that all of 36 outcomes are equally likely to show up, the
probability of each (x,y) outcome is:

1
P(x,y)] = % for any (x,y) € Q
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Probability

What if instead of rolling a die, we go outside, choose a random person

1
and check if they are left-handed? Would the probability still be 5?
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Probability

What if instead of rolling a die, we go outside, choose a random person

1
and check if they are left-handed? Would the probability still be 5?

Since only about 10% of people are left-handed, it is 9 times less likely to

1 1
pick a lefty than a righty, hence the probability is about 10" not 5
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1
and check if they are left-handed? Would the probability still be 5?

Since only about 10% of people are left-handed, it is 9 times less likely to

1 1
pick a lefty than a righty, hence the probability is about 10" not 5

In this case, the experiment was not equiprobable. Instead, we had 2
outcomes, say,

Q={L R}
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Probability

What if instead of rolling a die, we go outside, choose a random person
1
and check if they are left-handed? Would the probability still be 5?

Since only about 10% of people are left-handed, it is 9 times less likely to

1 1
pick a lefty than a righty, hence the probability is about 10" not 5

In this case, the experiment was not equiprobable. Instead, we had 2
outcomes, say,
Q={L,R}

with their probabilities being

P[L] = % P[R] = 1%
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Probability

What if instead of rolling a die, we go outside, choose a random person
1
and check if they are left-handed? Would the probability still be 5?

Since only about 10% of people are left-handed, it is 9 times less likely to

1 1
pick a lefty than a righty, hence the probability is about 10" not 5
In this case, the experiment was not equiprobable. Instead, we had 2
outcomes, say,
Q={L,R}

with their probabilities being

1 9
PlL] = — PIR] = —

As it shows, probability can also be not equiprobable.
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Probability

So in general, in different problems the probability measure P can be
different, and it depends on the specifics of the problem how it is
computed.

There are, however, three properties which the probability measure P
always satisfies:

@ P[A] > 0 for any event A € F,
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So in general, in different problems the probability measure P can be
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There are, however, three properties which the probability measure P
always satisfies:

@ P[A] > 0 for any event A € F,
Q P[Q] =1,
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Probability

So in general, in different problems the probability measure P can be
different, and it depends on the specifics of the problem how it is
computed.

There are, however, three properties which the probability measure P
always satisfies:

@ P[A] > 0 for any event A € F,
Q P[Q] =1,
© For any disjoint events A, Ap, ...,

]P’[A1UA2U]:]P>[A1]+P[A2]—|—

P

U

= Z IPD[An]
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Probability

Other useful properties
@ For any event A, P[A°] =1 — P[A]
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Probability

Other useful properties
@ For any event A, P[A°] =1 — P[A]
Q@ Plo]=0
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Probability

Other useful properties
@ For any event A, P[A°] =1 — P[A]
Q@ Plo]=0
© If A C B, then P[A] < P[B]
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Probability

Other useful properties
@ For any event A, P[A°] =1 — P[A]
Q@ Plo]=0
© If AC B, then P[A] < P[B]
© For any (maybe not disjoint) events A;, Ay, .. .:

A <D PlA]

P
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Probability

Other useful properties
@ For any event A, P[A°] =1 — P[A]
Q@ Plo]=0
© If AC B, then P[A] < P[B]
© For any (maybe not disjoint) events A;, Ay, .. .:

A <D PlA]

@ (Inclusion-Exclusion Rule) For any events A and B:
P[AU B] = P[A] 4 P[B] — P[AN B]

P
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Other useful properties
@ For any event A, P[A°] =1 — P[A]
Q@ Plo]=0
© If AC B, then P[A] < P[B]
© For any (maybe not disjoint) events A;, Ay, .. .:

A <D PlA]

@ (Inclusion-Exclusion Rule) For any events A and B:
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Probability

Other useful properties
@ For any event A, P[A°] =1 — P[A]
Q@ Plo]=0
© If AC B, then P[A] < P[B]
© For any (maybe not disjoint) events A;, Ay, .. .:

UA,,] <> PlA,]

@ (Inclusion-Exclusion Rule) For any events A and B:
P[AU B] = P[A] 4 P[B] — P[AN B]

P

A B Include E)Lclide
€ 1oL X
n(AUB) n(A) n(B) n(ANB)
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Conditional Probability

We role a fair die. Consider these two problems:
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Conditional Probability

We role a fair die. Consider these two problems:
a. What is the probability that the outcome is even?

()l ) SJCeiE
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Conditional Probability

We role a fair die. Consider these two problems:
a. What is the probability that the outcome is even?

()l ) SJCeiE

Since there are 6 possible outcomes, out of which only 3 are even,

A= (2,46}, PA= %
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Conditional Probability

We role a fair die. Consider these two problems:
a. What is the probability that the outcome is even?

()l ) SJCeiE

Since there are 6 possible outcomes, out of which only 3 are even,

A= (2,46}, PA= %

b. What is the probability that the outcome is even, given that we know
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Conditional Probability

We role a fair die. Consider these two problems:
a. What is the probability that the outcome is even?

[ J ol||l® o|]|l® ojjl0o ©
[ ] [ [ ] [ 2N ]
| l L] |. ||. .I o ojlo o
Since there are 6 possible outcomes, out of which only 3 are even,

A= (2,46}, PA= %

b. What is the probability that the outcome is even, given that we know

RO

Here we know that the outcome cannot be 1, 4 or 6.
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Conditional Probability

We role a fair die. Consider these two problems:
a. What is the probability that the outcome is even?

()l ) SJCeiE

Since there are 6 possible outcomes, out of which only 3 are even,

A= (2,46}, PA= %

b. What is the probability that the outcome is even, given that we know

that it is prime?
.I [ ] [ J
[ ] [ ]
@ @ o O

Here we know that the outcome cannot be 1, 4 or 6. Therefore we are
left with only three possible outcomes B = {2, 3,5}, out of which only 2 is

even.
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Conditional Probability

We role a fair die. Consider these two problems:
a. What is the probability that the outcome is even?

()l ) SJCeiE

Since there are 6 possible outcomes, out of which only 3 are even,

A= (2,46}, PA= %

b. What is the probability that the outcome is even, given that we know

that it is prime?
.I [ ] [ J
[ ] [ ]
@ @ o O

Here we know that the outcome cannot be 1, 4 or 6. Therefore we are
left with only three possible outcomes B = {2, 3,5}, out of which only 2 is

even. So in this case the probability of being even is .
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Conditional Probability

Definition
For any events A and B (if P[B] # 0), the following number:
P[AN B]
PlA|B] = ———
(4181 =~

is called the conditional probability of A given B
(or the probability of A under the condition of B).

[
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Conditional Probability

Definition
For any events A and B (if P[B] # 0), the following number:
P[AN B]
PlA|B] = ———
(4181 =~

is called the conditional probability of A given B
(or the probability of A under the condition of B).

Q
B ANB B
§)

In our problem, if A means being even and B means being prime, we had:

PIANB 1/6 1
Pleven | given that prime] = P[A|B] = [MB]] = 3;6 =3
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Conditional Probability

Example

Suppose we roll two fair dice. What is the probability that the first one is
2, given that their sum is no greater than 57
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Conditional Probability

Example
Suppose we roll two fair dice. What is the probability that the first one is
2, given that their sum is no greater than 57

5 6
[e][7]
[71[2]

I 123
r ][]
Cll«]E]
(A& 1[7][E][2]
B[] ][]
[s1[71[21[2] 0] [x]
(718 ][2][zo] [z ][12]

Usually, there would be 36 total outcomes, but since we know the sum is
5, they are only 10 possible outcomes left. Out of them only three
outcomes ("2-1", "2-2" and "2-3") are desired. So the probability is 1%.

19/37
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Law of Total Probability

In some university, 3/5 of all students are women and the rest are men. It
is known that 15% of men are over left-handed, while only 10% of women
are. If you choose a random student, what is the probability of the student
being left-handed?
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Law of Total Probability

In some university, 3/5 of all students are women and the rest are men. It
is known that 15% of men are over left-handed, while only 10% of women
are. If you choose a random student, what is the probability of the student
being left-handed?

Let B denote the event that the randomly selected student is a woman,
and B€ that he is a man.

With another letter, say A, let us denote the event of being left-handed.
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Law of Total Probability

P[A] =
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Law of Total Probability

P[A] =
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Law of Total Probability

P[A] =P[ANB]+P[ANB| =
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Law of Total Probability

P[A] = P[AN B] + P[AN B<] = P[B] - P|A|B] + P[B€] - P[A|B]
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Law of Total Probability

What we get is known as the Law of Total Probability:

If A and B are some events such that P(B) # 0, then

P(A) = P(B) - P(A|B) + P(BF) - P(A|B)
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Law of Total Probability

We can also generalize it to the case of three or more subgroups:

n
If B1, By, ..., B, are some disjoint events such that A C U By, then

k=1
P(A) =P(B1) - P(A|B1) + - - - + P(Bn) - P(A| Bn)

Aprikyan, Tarkhanyan Lecture 9




Law of Total Probability

Example

There are 52 cards in a deck. One of the cards is randomly removed from

the deck, 51 are left. What is the probability that if we take a card, it will
be a diamond?
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Law of Total Probability

Example

There are 52 cards in a deck. One of the cards is randomly removed from

the deck, 51 are left. What is the probability that if we take a card, it will
be a diamond?

If we denote by A the probability of taking a diamond, and by B the
probability that the removed card was a diamond, then either:
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Law of Total Probability

Example

There are 52 cards in a deck. One of the cards is randomly removed from

the deck, 51 are left. What is the probability that if we take a card, it will
be a diamond?

If we denote by A the probability of taking a diamond, and by B the
probability that the removed card was a diamond, then either:

@ the taken card was a diamond, and there are 12 left,

@ the taken card wasn’t a diamond, and there are 13 left.
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Law of Total Probability

Example

There are 52 cards in a deck. One of the cards is randomly removed from

the deck, 51 are left. What is the probability that if we take a card, it will
be a diamond?

If we denote by A the probability of taking a diamond, and by B the
probability that the removed card was a diamond, then either:

@ the taken card was a diamond, and there are 12 left,

@ the taken card wasn't a diamond, and there are 13 left.
The total probability will be:

P[A] = P[B] - P[A|B] + P[B€] - P[A|B]

13 12 39 13 1

pla] = 2>, 12, 39 15
Al=551 5 53
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Bayes Rule

One more simple yet powerful tool is the so called Bayes Rule:

If A and B are some events (with non-zero probabilities), then

P[A|B] - P[B]

PIBIAl = ==
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Bayes Rule

One more simple yet powerful tool is the so called Bayes Rule:

If A and B are some events (with non-zero probabilities), then

P[A|B] - P[B]

PIBIA =~

In nature, dangerous fires are rare (about 1% chance) but smoke is fairly
common (10% chance) due to barbecues, and 90% of dangerous fires
make smoke.
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Bayes Rule

One more simple yet powerful tool is the so called Bayes Rule:

If A and B are some events (with non-zero probabilities), then

P[A|B] - P[B]
P[A]

P[B|A] =

In nature, dangerous fires are rare (about 1% chance) but smoke is fairly
common (10% chance) due to barbecues, and 90% of dangerous fires
make smoke. You see a smoke. What is the probability that there is

dangerous fire?
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Bayes Rule

One more simple yet powerful tool is the so called Bayes Rule:

If A and B are some events (with non-zero probabilities), then

P[A|B] - P[B]

PIBIA =~

In nature, dangerous fires are rare (about 1% chance) but smoke is fairly
common (10% chance) due to barbecues, and 90% of dangerous fires
make smoke. You see a smoke. What is the probability that there is
dangerous fire?
Let F denote dangerous fire, S smoke. Then:

P[F]-P[S|F] 1 90 10
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Independence

Now let's consider another simple experiment: flipping a fair coin and
rolling a six-sided die. The probability of getting Heads on the coin flip is

independent of the probability of rolling a specific number on the die, as
these two events do not affect each other.
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Independence

Now let's consider another simple experiment: flipping a fair coin and
rolling a six-sided die. The probability of getting Heads on the coin flip is
independent of the probability of rolling a specific number on the die, as
these two events do not affect each other.

Definition

Events A and B of the same experiment are called independent if

P[AN B] = P[A] - P[B]
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these two events do not affect each other.
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these two events do not affect each other.

Definition

Events A and B of the same experiment are called independent if
P[AN B] = P[A] - P[B]

or, equivalently,
P[A|B] = P[A].

The events are called dependent if they are not independent.
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Independence

Now let's consider another simple experiment: flipping a fair coin and
rolling a six-sided die. The probability of getting Heads on the coin flip is
independent of the probability of rolling a specific number on the die, as
these two events do not affect each other.

Definition

Events A and B of the same experiment are called independent if
P[AN B] = P[A] - P[B]

or, equivalently,
P[A|B] = P[A].

The events are called dependent if they are not independent.

This definition makes sense because it means that the probability of both
A and B occurring together is simply the product of their individual
probabilities: the outcome of one event has no effect on the other.
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).

Aprikyan, Tarkhanyan Lecture 9 29 /37



Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

P[A] =
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

3 1
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

MN=§=§ P(B] =

Aprikyan, Tarkhanyan Lecture 9 29 /37



Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

3 1 3

A=g=5 FEI=¢=;
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

3 1 3 1

P[ANB] =
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

3 1 3 1
P[A]_E_E’ P[B]—g—§
9 1
PANB] = — — -
[ﬁ] 36 4
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

3 1 3 1
PAl=z=5  PBl=¢g=35

9 1 11
FANBI=50=3=2">
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Independence

1 2 3 4 5 6
1 (1,1) (1,2) (1,3) (1,4) (1,5) (1,6)
] (2,1) (2,2) (2,3) (2,4) (2,5) (2,6)
3 (3,1) (3,2) (3,3) (3,4) (3,5) (3,6)
4 | 41 (4,2) {4,3) (4,4) (4,5) (4,6)
5 (5,1) (5,2) (5,3) (5,4 (5,5) (5,6)
6 | (61) (6,2) (6,3) (6,4) (6, 5) (6,6)

Suppose we are rolling two fair dice (for the last time).
Event A = the first die is even, B = the second die is odd.

3 1 3 1
P[A]_E_E’ P[B]—g—§
9 1 1 1
PANB]=— =, =5 5=PlA P[5
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Independence

Suppose A and B are some events with P[A] # 0 and P[B] # 0.

Properties

@ If A and B are independent, they cannot be disjoint.
(Hence disjoint events are dependent.)
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Independence

Suppose A and B are some events with P[A] # 0 and P[B] # 0.

Properties

@ If A and B are independent, they cannot be disjoint.
(Hence disjoint events are dependent.)
@ If A and B are independent events, then
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Independence

Suppose A and B are some events with P[A] # 0 and P[B] # 0.

Properties

@ If A and B are independent, they cannot be disjoint.
(Hence disjoint events are dependent.)
@ If A and B are independent events, then
e Aand B¢
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Independence

Suppose A and B are some events with P[A] # 0 and P[B] # 0.

Properties

@ If A and B are independent, they cannot be disjoint.
(Hence disjoint events are dependent.)
@ If A and B are independent events, then

e Aand B¢
o A° and B
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Independence

Suppose A and B are some events with P[A] # 0 and P[B] # 0.

Properties

@ If A and B are independent, they cannot be disjoint.
(Hence disjoint events are dependent.)
@ If A and B are independent events, then

e Aand B¢
o A° and B
o A€ and B¢

are also independent.
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Independence

Suppose A and B are some events with P[A] # 0 and P[B] # 0.

Properties

@ If A and B are independent, they cannot be disjoint.
(Hence disjoint events are dependent.)
@ If A and B are independent events, then

e Aand B¢
o A° and B
o A€ and B¢

are also independent.

When solving a problem, principles like total probability, Bayes rule, and
independence help us a lot. Let's explore one more useful problem solving
technique.
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Geometric Probability in 1D

When thinking about probabilities of some events, it is often easier for us
to think about them geometrically.
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Geometric Probability in 1D

When thinking about probabilities of some events, it is often easier for us
to think about them geometrically.

Your bus is coming at a random time between 12 pm and 1 pm. If you
show up at 12:30 pm, how likely are you to catch the bus?
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Geometric Probability in 1D

When thinking about probabilities of some events, it is often easier for us
to think about them geometrically.

Your bus is coming at a random time between 12 pm and 1 pm. If you
show up at 12:30 pm, how likely are you to catch the bus?

Miss Bus Catch Bus
ol 30 | 30 .
L I I v
0 30 60
(12pm) (12:30pm) (1pm)

If we draw the hours on a number line and mark the time points for which
we will miss or catch the bus, we see that the length of the segment for
catching the bus is half the total length:

30 1

30+30 2

Aprikyan, Tarkhanyan Lecture 9 31/37

P[catching the bus] =




Geometric Probability in 1D

Example
A selection is to be made between points A and D as seen below

A B C D
—6 -3 0 3 6

The probability that selection falls in BC is
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Geometric Probability in 1D

Example
A selection is to be made between points A and D as seen below

A B C D
—6 -3 0 3 6

The probability that selection falls in BC is

BC_ 5
AD 11
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Geometric Probability in 1D

Example
A selection is to be made between points A and D as seen below
A B C D
—6 -3 0 3 6

The probability that selection falls in BC is

BC_ 5
AD 11

So in general, we draw the sample space and the set of desired outcomes
as lines or line segments, and divide

length of desired outcomes
length of all outcomes

to get the probability.
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Geometric Probability in 2D

Imagine now that we are playing darts with two circles, the smaller circle
has radius r, and the bigger circle has radius 2r. A dart is thrown at
random.
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Geometric Probability in 2D

Imagine now that we are playing darts with two circles, the smaller circle
has radius r, and the bigger circle has radius 2r. A dart is thrown at
random.

What is the probability that it lands in the smaller circle?
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Geometric Probability in 2D

Imagine now that we are playing darts with two circles, the smaller circle
has radius r, and the bigger circle has radius 2r. A dart is thrown at
random.

What is the probability that it lands in the smaller circle?

In this case, since the sets of outcomes are 2D, instead of length we divide
the area of the smaller circle by the area of the bigger circle:

P[hitting the smaller] =
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Geometric Probability in 2D

Imagine now that we are playing darts with two circles, the smaller circle
has radius r, and the bigger circle has radius 2r. A dart is thrown at
random.

What is the probability that it lands in the smaller circle?
In this case, since the sets of outcomes are 2D, instead of length we divide
the area of the smaller circle by the area of the bigger circle:

2
P[hitting the smaller] = S

7(2r)?2
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Geometric Probability

One of the most elegant uses of geometric probability is applying it to
problems that are not inherently geometric.
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@ A bus and you both arrive at random times between 12 pm and 1 pm.

@ The bus waits for 5 minutes before leaving.
@ You wait for 20 minutes before leaving if the bus doesn't come.
What is the probability that you catch the bus?
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@ You wait for 20 minutes before leaving if the bus doesn't come.
What is the probability that you catch the bus?

Let b denote the time that the bus arrives in minutes (e.g. b = 31 means
12:31), and y — the time you arrive.

Aprikyan, Tarkhanyan Lecture 9 34 /37



Geometric Probability

One of the most elegant uses of geometric probability is applying it to
problems that are not inherently geometric.

@ A bus and you both arrive at random times between 12 pm and 1 pm.
@ The bus waits for 5 minutes before leaving.

@ You wait for 20 minutes before leaving if the bus doesn't come.
What is the probability that you catch the bus?

Let b denote the time that the bus arrives in minutes (e.g. b = 31 means

12:31), and y — the time you arrive. The set of all possible outcomes will
be

Aprikyan, Tarkhanyan Lecture 9 34 /37



Geometric Probability

One of the most elegant uses of geometric probability is applying it to
problems that are not inherently geometric.

@ A bus and you both arrive at random times between 12 pm and 1 pm.
@ The bus waits for 5 minutes before leaving.

@ You wait for 20 minutes before leaving if the bus doesn't come.
What is the probability that you catch the bus?

Let b denote the time that the bus arrives in minutes (e.g. b = 31 means

12:31), and y — the time you arrive. The set of all possible outcomes will
be [0, 60] x [0, 60].

Aprikyan, Tarkhanyan Lecture 9 34 /37



Geometric Probability

One of the most elegant uses of geometric probability is applying it to
problems that are not inherently geometric.

@ A bus and you both arrive at random times between 12 pm and 1 pm.
@ The bus waits for 5 minutes before leaving.

@ You wait for 20 minutes before leaving if the bus doesn't come.
What is the probability that you catch the bus?

Let b denote the time that the bus arrives in minutes (e.g. b = 31 means

12:31), and y — the time you arrive. The set of all possible outcomes will
be [0, 60] x [0, 60].

Aprikyan, Tarkhanyan Lecture 9 34 /37



Geometric Probability

Now we need to find the region of successful outcomes, i.e. the points
where we catch the bus. Since the bus will wait for 5 minutes, you need to
arrive within 5 minutes of the bus’ arrival, so y < b+ 5.

€0

y=bs5
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Geometric Probability

Now we need to find the region of successful outcomes, i.e. the points
where we catch the bus. Since the bus will wait for 5 minutes, you need to
arrive within 5 minutes of the bus’ arrival, so y < b+ 5.

€0

y=b+5

0 5 60

However, you only wait for 20 minutes, so you can't arrive more than 20
minutes before the bus, so y > b — 20.

60
0 b 60
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Geometric Probability

Combining our two conditions, the successful outcomes are:

60

y 4

0 b 60
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Geometric Probability

Combining our two conditions, the successful outcomes are:

60

y
0o 5 60

Now we only need to find the area of this region. A simple method is to
find the remaining area, and then subtract that from the total area:

55

60,

40
y
5

0 =5 60
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Geometric Probability

Combining our two conditions, the successful outcomes are:

60

y
0o 5 60

Now we only need to find the area of this region. A simple method is to
find the remaining area, and then subtract that from the total area:

55

60,

40
y

20 p 60

2 552 402 103

P[catching the bus| = % = a8
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Geometric Probability (optional)

Adi and Budi randomly pick a number between 0 and 7. What is the
probability that Adi's number is greater than Budi's number?
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https://www.youtube.com/watch?v=ccNSU_TsUnQ&list=PLz3NrXxHz_CAuA66a7Mm8wvMNRiNe0wUH&index=6

Geometric Probability (optional)
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probability that Adi's number is greater than Budi's number?

A stick of length 10 is broken at three pieces at random. What is the
probability that the three pieces can form a triangle?
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Three sticks of random lengths between 0 and 10 are chosen. What is the
probability that they can form a triangle?
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Think about this on your own! In case you need help, the solution is available
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