Geometry of Vectors, Matrices
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Norm

What if we want to measure the length of some vector?
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Norm

What if we want to measure the length of some vector?

What we can say, is that

the length of the vector

the distance between O and A.
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Norm

But how to measure distance?
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Norm

But how to measure distance?

g For a bishop, the distance to its

upper-right neighbor is 1.

g While for a rook, it is 2.
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Norm

But how to measure distance?

g For a bishop, the distance to its

upper-right neighbor is 1.

g While for a rook, it is 2.

So there are different ways to measure distance and length.
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Norm

Vi
v | . . . .
For a vector v = in R”, its Euclidean norm or L2 norm is:

Vn

Illo = 2+ G+ 42

or, equivalently,

lvl2 =vv-v
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Norm

Vi
v | . . . .
For a vector v = in R”, its Euclidean norm or L2 norm is:

Vn

Illo = 2+ G+ 42

or, equivalently,

lvl2 =vv-v

Let v = [ﬂ The Euclidean norm of v is:

Ivlo = V32 +42=5
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Norm

Vi
v | . . . .
For a vector v = in R”, its Euclidean norm or L2 norm is:

Vn

Illo = 2+ G+ 42

or, equivalently,

lvl2 =vv-v

Let v = [ﬂ The Euclidean norm of v is:

Ivlo = V32 +42=5

Euclidean norm is the standard length we use in classic geometry.
Sometimes we omit the little "2" and just write ||v|| instead of ||v||2.
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Norm

Vi

V2

For a vector v = in R"”, its Manhattan norm or L1 norm is:

Vn

vl = Jval + |va| +- - 4 [val
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Norm

Vi

V2

For a vector v = in R"”, its Manhattan norm or L1 norm is:

Vn

Ivlle = [va| + [va| + - - + [val

Let v = [ﬂ The Manhattan norm of v is:

Ivlls = 3]+ [4] =7
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Norm

As we have seen, there are different types of norms (=many different ways

to calculate the length of a vector), and one of them is chosen depending
on the problem.
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Norm

As we have seen, there are different types of norms (=many different ways

to calculate the length of a vector), and one of them is chosen depending
on the problem.

Notice, however, that independently of which one we take, all norms
always satisfy the following three properties:

Q ||v|| >0, and equals 0 if only if v=0,
Q |levll = [el - vl
Q [lv+ulf < |lv[[ + [|u].-

V+u
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1 (x2 ,¥2)
® Manhattan Distance [1
Euclidean Distance L2
L' = |xp — x1| + |y2 — 1l
(x1 . 31) 5
, L= (2 —x)2 + (y2 —11)?
x
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Angle between vectors

Geometrically, a vector is an arrow in space, that is, it has both a length
and direction.
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Angle between vectors

Geometrically, a vector is an arrow in space, that is, it has both a length
and direction. How do we describe a direction in mathematics?
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Angle between vectors

Geometrically, a vector is an arrow in space, that is, it has both a length
and direction. How do we describe a direction in mathematics? By angles!
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Angle between vectors

Geometrically, a vector is an arrow in space, that is, it has both a length
and direction. How do we describe a direction in mathematics? By angles!

Remember the formula from high school geometry:
a-b = |a||||b|| cos cr, where « is the angle between a and b.
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Angle between vectors

Definition

The angle 0 between two vectors u and v is the angle 0 < 6 < 7 for which:

=
[Jull - vl
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Angle between vectors

The angle 0 between two vectors u and v is the angle 0 < 6 < 7 for which:

=
[Jull - vl

Let u = [ﬂ and v = [ﬂ Find the angle 6 between u and v.

s MV _ B-7)+(4-1) 25 _ 1
full - Ivll  V32+42.v72+12 V25-4/50 2
1 T 1 T
— =cos— = 0O =arccos— = — = 45°
V2 4 V2 4
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Angle between vectors

For any vectors u, v € R”,

v-u=|[jv|-[juf-cosb,

where 6 is the angle between v and u.
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Angle between vectors

For any vectors u, v € R”,

v-u=|[v[][- [lu][ - cosb,

where 6 is the angle between v and u.

Corollary 2

The dot product of two vectors equals 0 if and only if they are
perpendicular to each other (form a 90° angle).
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Angle between vectors

For any vectors u, v € R”,

v-u=|[v[][- [lu][ - cosb,

where 6 is the angle between v and u.

Corollary 2

The dot product of two vectors equals 0 if and only if they are
perpendicular to each other (form a 90° angle).

Any vector v € R"” forms an angle of 0° with itself and 180° with its
negative.
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Finally, we are left to notice two things. Take, for example,
e the set D ={0,1,2,...,9} of digits, and
o the set P = {x € R: x > 0} of positive numbers.
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Finally, we are left to notice two things. Take, for example,
e the set D ={0,1,2,...,9} of digits, and
o the set P = {x € R: x > 0} of positive numbers.
Notice that,

@ while the sum of two digits may not be a digit (e.g. 5+ 7 = 12), the
sum of two vectors is always a vector,
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Finally, we are left to notice two things. Take, for example,
e the set D ={0,1,2,...,9} of digits, and
o the set P = {x € R: x > 0} of positive numbers.
Notice that,
@ while the sum of two digits may not be a digit (e.g. 5+ 7 = 12), the
sum of two vectors is always a vector,
and

@ while the product of a positive number with an arbitrary scalar ¢ may
not be positive (e.g. 4-(—1) = —4), the product of a vector with a
scalar is always a vector.
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Finally, we are left to notice two things. Take, for example,
e the set D ={0,1,2,...,9} of digits, and
o the set P = {x € R: x > 0} of positive numbers.
Notice that,

@ while the sum of two digits may not be a digit (e.g. 5+ 7 = 12), the
sum of two vectors is always a vector,

and

@ while the product of a positive number with an arbitrary scalar ¢ may
not be positive (e.g. 4-(—1) = —4), the product of a vector with a
scalar is always a vector.

In this case we say that the set of vectors is closed under addition and
scalar multiplication, while D or P are not (P is closed under addition

only).
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Vector Space

Furthermore, take the line y = 2x and choose any vector on it:

A

I
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After multiplying it with any number c, it will still stay on the line y = 2x:

A

I

S N
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Similarly, if we add two vectors vi and v» which both lie on the line
y = 2x, their sum would again be on the same line.
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Similarly, if we add two vectors vi and v» which both lie on the line
y = 2x, their sum would again be on the same line.

In other words, the line y = 2x is closed under addition and scalar
multiplication, just like the whole set of vectors R?. This motivates us to
give a special name to the good sets like the line y = 2x and R?.
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Similarly, if we add two vectors vi and v» which both lie on the line
y = 2x, their sum would again be on the same line.

In other words, the line y = 2x is closed under addition and scalar
multiplication, just like the whole set of vectors R?. This motivates us to
give a special name to the good sets like the line y = 2x and R?.

We say that R? is a vector space, and the set of vectors lying on the line
y = 2x are a vector subspace of R?.
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Vector Space

Definition

A set V is called a vector space if

it is closed under addition and scalar multiplication,
(u+v)+w=u+(v+w)

ut+tv=v+u

There exists a vector 0 such that v+ 0 =v for allve V

For every v € V/, there exists a vector —v such that v+ (—v) =0
(cd)-v=c-(d-v)

l-v=v
c-(u+v)=c-u+c-v
( +d)-v=c-v+d-v

999900000

No need to memorize the properties—just the natural laws of addition and
scalar multiplication.
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Definition

A subset U of a vector space V is called a subspace of V if U itself is a
vector space.
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Definition
A subset U of a vector space V is called a subspace of V if U itself is a

vector space.

How to check if a subset U of V' is a subspace? Just make sure that it is
closed under addition and scalar multiplication!
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Definition
A subset U of a vector space V is called a subspace of V if U itself is a

vector space.

How to check if a subset U of V' is a subspace? Just make sure that it is
closed under addition and scalar multiplication!

Assume V is a vector space, and U is a subset of V. Then U is a
subspace of V if and only if

1. x+y e U, forall x,y € U,

2. cx € U, forall x € U and c € R.
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Definition

A subset U of a vector space V is called a subspace of V if U itself is a
vector space.

How to check if a subset U of V' is a subspace? Just make sure that it is
closed under addition and scalar multiplication!

Assume V is a vector space, and U is a subset of V. Then U is a
subspace of V if and only if

1. x+y e U, forall x,y € U,
2. cx € U, for all x € U and ¢ € R.

e So R!, R? R3, ... are all vector spaces.

@ The set of all vectors that lie on the same line (e.g. y = kx) form a
subspace (on the condition that the line also contains the 0 vector).

Aprikyan, Tarkhanyan Lecture 2 16 / 36



An m x n tuple A of elements a;; (i =1,...,mand j=1,...,n), is called
a real-valued (m, n) matrix:

all di2 ... din
dani dano ... dop

A= . . ) . 5 ajj € R.
dml dm2 --- dmn

The set of all real-valued (m, n) matrices is denoted by R™*".

A= |:1 2 3:| = R2X3 B — |:_12 g:| = R2><2
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An m x n tuple A of elements a;; (i =1,...,mand j=1,...,n), is called
a real-valued (m, n) matrix:

all di2 ... din
dani dano ... dop

A= . . ) . 5 ajj € R.
dml dm2 --- dmn

The set of all real-valued (m, n) matrices is denoted by R™*".

11 23 2x3 -2 0 22
A—[456]€R B_[l 3]€R

Note that the first number in (m, n) always shows rows, second: columns.
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Matrix Addition

The vectors are practically 1-column matrices: R” = R"%!. Similar to
vectors, we define the following operations with the matrices:
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Matrix Addition

The vectors are practically 1-column matrices: R” = R"%!. Similar to
vectors, we define the following operations with the matrices:

Definition
The sum of two matrices A and B, denoted as A + B, is obtained by
adding corresponding elements. If A is of size m x n and B is of the same
size, then A+ B is also of size m x n.
a1l aio “e din b11 b12 e bln
a1 axp ... ax b1 b ... by
A= | . . B=| . . .
ami am2 ... amn bmi bm2 ... bmn
ait+bi1 awp+bio ... ain+ big
A+ B— a1 +bx1 a4+ by ... ax,+ bop
amil + bml am2 + bm2 ... A@mn + bmn
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Matrix Addition

a=l3 ) =7 0

.y

4 7
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Matrix Addition

a=l3 ) =7 0

.y

4 7

Matrix addition is only defined for matrices of the same size.

Aprikyan, Tarkhanyan Lecture 2 19 /36



Scalar Multiplication of a Matrix

Definition

The product of a scalar ¢ and a matrix A, denoted as cA, is obtained by
multiplying each element of the matrix by the scalar.
alii di2 ... din
dani a2 ... azp

c-A=c
dml a4m2 -.- dmn
C - a1l c-ai2 ... C-ain
C - ao1 C-ax»@ ... C-azp
C-dmi C-am2 ... C-amn
v
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Scalar Multiplication of a Matrix

Definition

The product of a scalar ¢ and a matrix A, denoted as cA, is obtained by
multiplying each element of the matrix by the scalar.

A=c-

C-a1
C - ao1

C-ami

a1 a12
azi a»

dml  dm2

C-a12
C - an

C-am?

C - din
C - aop

C:amn

Scalar multiplication can be performed for any scalar ¢ and any matrix A.
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Negative of a Matrix

Definition

The negative of a matrix A, denoted as —A, is obtained by changing the
sign of each element in the matrix.
a1 412 ... ain
a a ... a
A= |F2 a2 2n
dml adm2 --- Admn
—adiil —d12 ... —din
| —a21 —dz2 ... —aop
—dml —dm2 ... —dmn
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Negative of a Matrix

Definition

The negative of a matrix A, denoted as —A, is obtained by changing the
sign of each element in the matrix.

d11 d12 ... din

A= — a1 a2 ... dp
dml dm2 --- dmn

—di1  —d12 ... —dip

_ —aroi —dz2 ... —aop

—dml —dm2 —dmn

The negative of a matrix equals (—1) times the matrix.

™ = = — oyt

21/36
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Matrix Subtraction

Definition
The difference of two matrices A and B, denoted as A — B, is obtained by
subtracting corresponding elements, or by adding A and —B. If A and B
are both of size m x n, then A — B is also of size m x n.
air a2 ... an bii b ... b
A_ |2t a2 ... an B_ b1 b ... bop
ami @m2 --- amn bmi bm2 ... bmn
ain— b1 anx—bip ... ain— by
A_pg_ |~ ba1 a—bx ... an—bz
aml — bml am2 — bm2 ««« dmn — bmn
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Matrix Subtraction

Definition

The difference of two matrices A and B, denoted as A — B, is obtained by
subtracting corresponding elements, or by adding A and —B. If A and B

are both of size m x n, then A — B is also of size m x n.

air a2 ... an bii b ... b
A_ |2t a2 ... an B_ bo1 b2 ... b2
dml 4m2 --- Qmn bml bm2 ce bmn
ajy — b a2 —bix ... aip— by
A_pg_ |~ ba1 a—bx ... an—bz
aml — bml am2 — bm2 ««« dmn — bmn

Matrix subtraction is only defined for matrices of the same size.
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Definition

The zero matrix, denoted as O or Op,«,, is @ matrix where all elements
are zero.
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Definition
The zero matrix, denoted as O or Op,«,, is @ matrix where all elements
are zero.

v

0 0

0 0O
02><3=[0 0 0:| O3><2= 0 0
0 0
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Zero Matrix

Definition

The zero matrix, denoted as O or Op,«,, is @ matrix where all elements
are zero.

A+ O = 0+ A= A for any matrix A.
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Transpose of a Matrix

The transpose of a matrix A, denoted as AT, is obtained by swapping its
rows and columns.

all ai? 500 din all dni coo dnl
A— a1 ax azn AT — ai2 a2 an2
dml dm2 .- Amn dlm 42m --- dnm
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Transpose of a Matrix

The transpose of a matrix A, denoted as AT, is obtained by swapping its
rows and columns.
a1 412 ... ain a1 a1 ... anl
A— a1 a2 ... a;xp AT — di2 a2 ... anp
dml dm2 --- dmn dlm 42m --- dmm
Example
7 0
7 4 2
A= [0 1 3] AT=14 1
2 -3
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Transpose of a Matrix

The transpose of a matrix A, denoted as A', is obtained by swapping its
rows and columns.
a1 412 ... ain a1 a1 ... anl
A— a1 a2 ... a;xp AT — di2 a2 ... anp
dml dm2 --- dmn dlm 42m --- dmm
7 0
7 4 2
A= [0 ) 3] AT =4 1
2 -3

Remark

The transpose of an (m, n) matrix is an (n, m) matrix.
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Matrices can be added together and multiplied by numbers, and these

operations share the same "good” properties (e.g. A+ B = B + A) with
vectors.
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Matrices can be added together and multiplied by numbers, and these
operations share the same "good” properties (e.g. A+ B = B + A) with

vectors.

In that sense, it is not difficult to prove that:

For each m, n € N the set of real-valued matrices R™*" forms a vector

space.
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Matrix-Vector Multiplication

Definition

Let A be an m X n matrix and v be a column vector of size n x 1. The
product Av is a column vector of size m x 1 obtained by multiplying each
row of A by the corresponding element of v and summing the results.

dlil aio coo din Vi

dan1 ano N aon Vo
A= =

admi dm2 ... Aamn Vn

ai1vi + apve + ...+ 31nVn

ariVvi+ a»vw + ...+ apv,
Av = )

amiVi+ amaVvo + ...+ @mnVn
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Matrix-Vector Multiplication

Or, in other words, if we denote the rows of A by Aj, Ay, ..., A, the

product Av will be a column vector of size m x 1 obtained by taking the
dot product of each row of A with the vector v:

A1 Vi

A ... Vo
A: v = i

A, Vn
anvi +apve + ...+ ainvy A-v
anvi+anve+ ...+ axnv, A -v

AV: =

amiVi+ amoVo + ...+ amnVn A, -v
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Matrix-Vector Multiplication
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Matrix-Vector Multiplication

2

1 23
A:[ ] v= -1
4 5 6 3

S e
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Matrix-Vector Multiplication

ol [}

Av= [igiﬁﬁjgigg] - [291]

(=2)-4+1-2 —6
Av=| 0-443.2 | =16
i)l
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Matrix-Vector Multiplication

Matrix-vector multiplication shares properties with scalar multiplication
and addition of vectors.

o Distributive Property:
For a matrix A and vectors v and w of appropriate sizes:

A(v +w) = Av + Aw

@ Scalar Multiplication:
For a matrix A and a scalar c:

A(cv) = c(Av)
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Matrix-Vector Multiplication

Matrix-vector multiplication shares properties with scalar multiplication
and addition of vectors.

o Distributive Property:
For a matrix A and vectors v and w of appropriate sizes:

A(v +w) = Av + Aw

@ Scalar Multiplication:
For a matrix A and a scalar c:

A(cev) = c(Av)
Note that we can only multiply a matrix by a vector if the number of

columns of the matrix equals the length of the vector.

Aprikyan, Tarkhanyan Lecture 2 30/36



Geometric Interpretation

Why do we define the matrix-vector multiplication this way? Turns out, it
has a beautiful geometrical interpretation.
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Geometric Interpretation

Why do we define the matrix-vector multiplication this way? Turns out, it
has a beautiful geometrical interpretation.

Think this way: when you multiply, say, a 2 x 2 matrix A by a vector
v € R?, what you get is another vector u = Av € R2. We call this u the
transformed version of v (and we say that A is a linear transformation).

¥ Y

Aer

€ —

AC|

X X
€]

Aprikyan, Tarkhanyan Lecture 2 31/36



Geometric Interpretation

As we will see later, the resulting "transformed version” u is just the same

old v except it is rotated and scaled to become longer or shorter (and
possibly, flipped).

Aprikyan, Tarkhanyan Lecture 2
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visualize-it.github.io/linear_transformations/simulation.html
www.shad.io/MatVis

Geometric Interpretation

As we will see later, the resulting "transformed version” u is just the same
old v except it is rotated and scaled to become longer or shorter (and
possibly, flipped).

In this sense, all matrices are either just rotating vectors by some degree,
or flipping them horizontally/vertically, or scale them, or do all three.

The key thing is: whatever a matrix "does” to one vector, it does the
same to all other vectors too (when being multiplied with them).

Check different matrices yourself:
- visualize-it.github.io/linear_transformations/simulation.html
- www.shad.io/MatVis

We will learn more about this later-now back to matrices~
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www.shad.io/MatVis

Matrix Multiplication

Definition

Let A be an m x n matrix, and let B be an n x k matrix. The product

C = AB is an m x k matrix, where each element cj; is obtained by taking
the dot product of the i-th row of A and the j-th column of B:

all aio e din b11 b12 e blk
A |3t a2 ... a3 B b1 b ... by
dml 4m2 --- Admn bnl bn2 cee bnk

i1 G2 ... QG

C=AB — €1 C2 ... O

Cml Cm2 ... Cmk

where Cij = a,'lblj TF a,'2b2j +...+amb nj = § alp pj
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Matrix Multiplication

1 2 5 6 19 22
3 4 7 8 43 50

3 X5 +4 x(7 = 43

3 x6 +4 x 8 = 50
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Matrix Multiplication

Matrix multiplication shares properties with scalar multiplication and
addition of vectors, as well as matrix-vector multiplication.
o Distributive Property:
For matrices A, B, and C of appropriate sizes:

A(B+C)=AB+AC and (A+ B)C=AC+ BC

@ Associativity Property:
For matrices A, B, and C of appropriate sizes:

A(BC) = (AB)C

@ Scalar Multiplication:
For matrices A, B of appropriate sizes and a scalar c:

A(cB) = ¢(AB) = (cA)B
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Matrix Multiplication

Matrix multiplication shares properties with scalar multiplication and
addition of vectors, as well as matrix-vector multiplication.
o Distributive Property:
For matrices A, B, and C of appropriate sizes:

A(B+C)=AB+AC and (A+ B)C=AC+ BC

@ Associativity Property:
For matrices A, B, and C of appropriate sizes:
A(BC) = (AB)C
@ Scalar Multiplication:
For matrices A, B of appropriate sizes and a scalar c:
A(cB) = ¢(AB) = (cA)B

Note that we can only multiply two matrices if the number of columns of
the first matrix equals the number of rows of the second matrix: (m x n)
with (n x k).
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Matrix Multiplication

Let
-1 0

C=1|2 =3|cRr3*? D:B _02 ﬂeRM
4 1

-1.540-3 —-1-(-2)4+0.0 —1-1+0-7
CD=|2-5+(-3)-3 2-(-2)+(-3):0 2-1+(-3)-7
4.541-3 4-(=2)4+1-0 4-1+1-7

-5 2 -1
=1 -4 —-19| e R3*3
23 -8 11
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