1) Exponential Family & Sufficiency

| ' 01 Poisson Meets the Exponential Family

Let X be a random variable following a Poisson distribution with parameter A > 0, i.e.,

N

P(X =Fk) =2t fork=0,1,2,... :/D;L Y
e a.Show that the Poisson distribution belongs to the exponential family by writing its PMF in the T [y) 6) ‘.

form
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Identify h(z), n(X), T'(x), and A(X).

e b. Using the exponential family form, what is the sufficient statistic for A based on an i.i.d. sample >< —
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> 02 Slit Width Estimation

In an experiment, n drops of solution are released uniformly through a slit onto a surface. We model the

one-dimensional impact points X1, . .., X, asi.i.d. Uniform(0, d), where the unknown slit width d > 0
is to be estimated.

e a.Write down the joint density f(x | d) for the sample.
*  b. Using the Fisher-Neyman factorization theorem, show that X ,,) = max{X1,..., Xy} is
sufficient for d. ©

e c.Is X(n) unbiased for d? If not, find an unbiased estimator based on X ().

Hint for (c): the CDF of X () is Fx,, (z) = (z/d)" for0 < z < d.
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| & & 04 Binomial Sufficiency and Estimating 7>

LetX = (X1, ..., X,) " with X; "X Bernoulli(r), where r € (0, 1). Define U(X) = 3.7 | X.

e a.Show that U(X)/n is unbiased for .
e b.Show that U(X) is minimal sufficient for 7.
e c. Now consider the estimator for 72:

UX) UX) -1

Verify that V(X) is unbiased for 2.

Hint for (c): expand E[U(U — 1)] using E[U] = nm andVar(U) = nn(1 — 7).

w&z@/ a3

Q\

@//ﬁ.

[——
[ =—

6_,
C)QDOUOJ\JR /@L&Lx\u}\\



03 Normal Variance: Minimal Sufficiency

Let Xq,..., X, iV N(_i’ o) where g% > 0 is unknown but g is known.
e a.Showthat T(X) = > " | (X; — u)?is sufficient for o2 using the factorization theorem.

Recall:T is minimal sufficient iff T (x) = T(y) <=

b. Using the likelihood ratio criterion, show that 7'(X) is minimal sufficient for .

f(x|o?)

f(y—:az,) is free of o’2.







