01 Gradient Descent Algorithm \/Il
Sradient Descent,

Consider the function f(z1, z2) = x% + 2m§ + 129 + 41 — 229 + 5.

—
We want to find the minimum. We could do it analytically, it’s just a quadratic 2 >< | —+ >(L + (| \'4 \(/(

function, but quite soon we’ll start to work with function for which we can’t just

— T
find the optimum with pen and paper. So let’s use an iterative algorithm. \ ; 4
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. Pick a random starting point.
2.

(]
fastest way? p b /l
. Move in that directi ider first multiplying that direction b D = (
ove in that direction (you may consider first multiplying that direction by 2 )

. Plot and print interesting staff, e. g. function value vs iteration number
. Play around with a and the starting point to see how it affects convergence.
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Open up VS code, or you'’re favorite IDE. L (1 )(l_t— X [~ ! —

- . . Y
In what direction should you move so that the function value decreases in the \/\ o X « X ~

some small value, let’s say 0.1, that’s the so called a’l;rning rate’ / ‘step size’,

which we’ll learn about later, but it basically controls fiow big steps you take. ‘\ 1 Y 1 + Y}/ ——

Too big step size -> you may overshoot the optimum value and diverge, too

small, you may take too long time to converge, but often “Let it be late, let it L\ l 1 { — O
be almond” principle hOldS) x L 1" Y | ; 2 /

Keep on iterating like that. Can you come up with a stopping criterig? (e.g.if
improvement / change smaller then x let’s just stop the algorithm) %
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| 03 Topless box
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@ context: Smoothness. v

Afunction f : R™ — Ris called smooth (or C'™) if it has continuous partial derivatives
of all orders. In practice, we often work with C'! functions (continuously differentiable)

—

or C? functions (twice continuously differentiable).

Consider the bivariate function f : R? — R, (z1,z2) — 22 + 0.523 + z1>.

—

1. Show that f is smooth (continuously differentiable). ?

2. Find the direction of greatest increase of f atx = (1, 1). e

3. Find the direction of greatest decrease of fatx = (1,1).

4. Find a direction in which f does not instantly change at x = (1,1).

5. Assume there exists a differentiable Rarametrization ofacurvex: R — RZ,
t — X(t) suchthatVt € R: f(x(¢)) = f(1,1). Show that at each point of
the curve x the tangent vector %tx is perpendicularto V f(x
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Interpret parts (d) and (e) geometrlcally
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05 Contour Ploté, Hessians, and
Convexity -

(O Context: Contour Plots and Convexity v

Contour plots (or level curves) visualize multivariate functions by showing curves where
f(z1,z2) = cforvarious constants c. They’re essential for understanding the shape of
loss landscapes in machine learning.

Let f : R? 5 R, (@1, 2) — — cos(z? + 22 + z122).

1. Create a contour plot of fin the range [—2, 2] x [—2, 2] with R.
2. Compute V f.
3. Compute V2 f (the Hessian matrix).

Now, define the restriction of fto S, = {(z1,z2) € R? | 22 + x3 + z12, < 7}
withr € R,r > 0,ie, fls, : Sp — R, (z1,22) — f(z1,z2).

4. Show that f
5. Find the local minimum x* of f

s, withr = /4 is convex.

S, -
6.1sx" a global minimum of f?



| * (> 06 Taylor Expansion

Consider the bivariate function
f:R?2 =5 R, (x1,z2) — exp(m-x1) —sin(m- z3) + 7 - z1 - To.

1. Compute the gradient of f for an arbitrary x.
2. Compute the Hessian of f for an arbitrary x.
3. State the first order taylor polynomial Tl,a(:c) expanded around the point

a=(0,1).
4, State the second order taylor polynomial T27a(az) expanded around the point
a=(0,1).

5. Determine if T , is a convex function.



